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Abstract
In the past decade, due to the experimental observation of many charmonium-like states, there has been a re-
vival of hadron spectroscopy. In particular, the experimental observation of charged charmonium-like, Zc states, and
bottomonium-like, Zb states, represents a challenge since they can not be accommodated within the naive quark model.
These charged states are good candidates of either tetraquark or molecular states and their observation motivated a
vigorous theoretical activity. This is a rapidly evolving field with enormous amount of new experimental informa-
tion. In this work, we review the current experimental progress and investigate various theoretical interpretations of
these candidates of the multiquark states. The present review is written from the perspective of the QCD sum rules
approach, where we present the main steps of concrete calculations and compare the results with other approaches
and with experimental data.
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1. Introduction
If asked, most of the physicists today will say that protons and neutrons are made of quarks. Indeed, the constituent
quark model is still widely used to represent all known hadrons and it has been valid for more than half century. On
the other hand, more sophisticated QCD-inspired models based on quarks and gluons have predicted the existence of
more complex structures than simple mesons (quark-antiquark bound states) or baryons (3 quark bound states), which
are called exotic states. The idea of unconventional quark structures is quite old and due to decades of investigation,
the existence of exotic meson has been recently confirmed.
In the charmonium sector, below the open-charm threshold the cc¯ charmonium states are successfully described
using the quark model supplemented with quark potentials. All the predicted states have been observed with the
expected properties below this threshold and excellent agreement is achieved between theory and experiment. Indeed,
theoretical models and experiments achieved an overall agreement of 2−3 MeV/c2 precision in the mass measurements
of charmonium states. Above the open-charm threshold, however, there are still many predicted states that have not
yet been discovered, and, surprisingly, several unexpected states have been observed since 2003. Interesting examples
of these so - called (exotic) charmonium-like XYZ states are the axial-vector X(3872), the vector states Y(4260),
Y(4360) and Y(4660) and the charged state Zc(3900)±. This latter is a manifestly exotic state. It became evident
that charmonium-like states with more than a quark and an antiquark exist and several new models and possible
interpretations have been advanced. These interpretations are still open, mostly due to the poor available statistics in
the past experiments to investigate them, i.e. to perform a full amplitude analysis.
The number of the exotic charmonium states has increased year by year. Up to now there are more than twenty
of these X, Y, Z states. In Table 1 we give a list of these charmonium states. These states have been studied using
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different kind of models and there are several reviews about these studies [1–20]. An experimental review can be
found in [21].
The study of spectroscopy and the decay properties of the heavy flavor mesonic states provides us with useful
information about the dynamics of quarks and gluons at the hadronic scale. One interesting question about the QCD
dynamics refers to the existence of diquarks. Whether or not quarks form diquark clusters inside a baryon or in
multiquark states, it has implications for the spectrum of the radial excitations. If diquarks are relevant, then the
number of possible excitations is smaller. This fact may be verified experimentally. A systematic scan of the states
lying in this energy region is now feasible. In the case of some of the X and Y states, we can say that there are still
attempts to interpret them as c − c¯. One can pursue this approach introducing corrections in the potential, such as
quark pair creation. This “screened potential” changes the previous results, obtained with the unscreened potential
and allows to understand some of the new data in the c − c¯ approach. Departing from the c − c¯ assignment, the next
option is a system composed by four quarks, which can be uncorrelated, forming a kind of bag, or can be grouped
in diquarks which then form a bound system. These configurations are called tetraquarks. Alternatively, these four
quarks can form two mesons which then interact and form a bound state. If the mesons contain only one charm
quark or antiquark, this configuration is referred to as a molecule. If one of the mesons is a charmonium, then the
configuration is called hadro-charmonium. Another possible configuration is a hybrid charmonium. In this case, apart
from the c− c¯ pair, the state contains excitations of the gluon field. In some implementations of the hybrid, the excited
gluon field is represented by a “string” or flux tube, which can oscillate in normal modes.
The above mentioned configurations are quite different and are governed by different dynamics. In quarkonia
states the quarks have a short range interaction dominated by one gluon exchange and a long range non-perturbative
confining interaction, which is often parametrized by a linear attractive potential. In tetraquarks besides these two
types of interactions, we may have a diquark-antidiquark interaction, which is not very well known. In molecules and
hadro-charmonium the interaction occurs through meson exchange. Finally, in some models inspired by lattice QCD
results, there is a flux tube formation between color charges and also string junctions. With these building blocks one
can construct very complicated “stringy” combinations of quarks and antiquarks and their interactions follow the rules
of string fusion and/or recombination. In principle, the knowledge of the interaction should be enough to determine
the spatial configuration of the system. In practice, this is only feasible in simple cases, such as the charmonium in
the non-relativistic approach, where having the potential one can solve the Schro¨dinger equation and determine the
wave function. In other approaches the spatial configuration must be guessed and it may play a crucial role in the
production and decay of these states.
All recent analyses performed on exotic states show statistics limitation, not allowing a final conclusion. It is
definitively necessary to upgrade all the experiments in order to have more statistics. One example of upgrade is
the project Belle II. In 2018 the first collisions happened, probably marking the beginning of a new era for the e+e−
colliders, which will last at least ten years. With the expected high luminosity, Belle II can improve for sure some of
the measurements already performed by Belle, and look for new still undisclosed forms of exotic matter. It will be
possible to search for more rare decays, up to now not possible due to the limited statistics. With such high statistics
amplitude analysis can be performed and the quantum numbers can be determined.
A comparison of running and future experiments can be found in recent papers and help in understanding the
future opportunities in spectroscopy.
A good reason to write a report on the subject is because this is a rapidly evolving field with enormous amount
of new experimental information coming from the analysis of BELLE II, BESIII and LHCb accumulated data. In the
present review we include and discuss data which were not yet available to the previous reviewers. This astonishing
progress on the experimental side has opened up new challenges in the understanding of heavy flavor hadrons and
from time to time it is necessary to organize the theoretical and experimental advances in short review papers. This is
the goal of this text.
Any theoretical review is biased and naturally emphasizes the approach followed by the authors. We focus on
the theoretical developments and more specifically on the works done with QCD sum rules (QCDSR). The present
review is written from the perspective of QCD sum rules, where we present the main steps of concrete calculations and
compare the results with other approaches and with experimental data. In what follows we will review and comment
the work presented in Refs. [86–117].
In the next Section we review the basic concepts of the QCDSR method and, in Sec. 2.9, we discuss some
limitations of the application of QCDSR to the exotic states. In Section 3 we describe the progress achieved in the
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Table 1: The X, Y and Z states in the cc¯ region ordered by mass. Masses m and widths Γ represent the weighted averages from the listed sources, or
are taken from [22] when available. The citation given in red is for the first observation and the citation given in blue is for a non confirmation. The
quoted year is the year of the first observation and the given charge conjugation (C) of the isovector states is for the neutral state in the multiplet.
State m (MeV) Γ (MeV) JPC Process (mode) experiment Year
X(3872) 3871.69±0.17 < 1.2 1++ B→ K(pi+pi−J/ψ) Belle [23–25], BaBar [26] 2003
pp¯→ (pi+pi−J/ψ) (...) CDF [27–29], DØ [30]
B→ K(ωJ/ψ) Belle [31], BaBar [32]
B→ K(D∗0D¯0) Belle [33, 34], BaBar [35]
B→ K(γJ/ψ) Belle [31], BaBar [36, 37]
B→ K(γψ(2S ) BaBar [37], LHCb [38]
e+e− → pi+pi−J/ψ BESIII [39]
pp→ (pi+pi−J/ψ) (...) LHCb [40, 41], CMS [42]
Zc(3900) 3886.6 ± 2.4 28.2±2.6 1+− Y(4260)→ (J/ψ pi+)pi− BESIII [43], Belle [44], CLEO-c [45]] 2013
Y(4260)→ (DD¯∗)+pi− BESIII [46]
Y(3940) 3918.4 ± 1.9 20±5 0/2++ B→ K (J/ψω) Belle [47], BaBar [32, 48] 2004
e+e− → e+e−(ωJ/ψ) Belle [49], BaBar [50]
X(3940) 3942+9−8 37
+27
−17 ?
?+ e+e− → J/ψ (...) Belle [51] 2005
e+e− → J/ψ (DD∗) Belle [52]
Y(4008) 3891 ± 42 255±42 1−− e+e− → pi+pi−J/ψ Belle [44, 53], BESIII [54] 2007
Zc(4020) 4024.1 ± 1.9 13 ± 5 ??− e+e− → pi−(pi+hc) BESIII [55] 2013
Y(4260)→ pi−(D∗D¯∗)+ BESIII [56]
Z1(4050) 4051+24−43 82
+51
−55 ?
?− B→ K(pi+χc1(1P)) Belle [57], BaBar [58] 2008
Zc(4055) 4054 ± 3 45 (??−) e+e− → pi−(pi+ψ(2S )) Belle [59] 2014
Zc(4100) (4096±+28−32) 152+70−45) 0++/1−+ B0 → K+(pi−ηc(1S )) LHCb [60] 2018
Y(4140) 4146.8 ± 2.4 22+8−7 1++ B→ K(φJ/ψ) CDF [61, 62], D0 [63], LHCb [64], BESIII [65, 66] 2009
X(4160) 4156+29−25 139
+113
−65 ?
?+ e+e− → J/ψ(D∗D¯∗) Belle [52] 2007
Zc(4200) 4196+35−30 370
+99
−110 1
+− B→ K(pi+ J/ψ) Belle [67] 2014
Y(4220) 4218+5−4 59
+12
−10 1
−− e+e− → χc0 ω BESIII [68] 2014
e+e− → hc pi+pi− BESIII [69]
e+e− → ψ(2S ) pi+pi− BESIII [70]
e+e− → D0D∗ − pi+ BESIII [71]
Z2(4250) 4248+185− 45 177
+321
− 72 ?
?+ B→ K(pi+χc1(1P)) Belle [57], BaBar [58] 2008
Y(4260) 4230 ± 8 55±19 1−− e+e− → pi+pi−J/ψ BaBar [72, 73], CLEO-c [74], Belle [44, 53], BESIII [54] 2005
e+e− → K+K−J/ψ CLEO-c [75], BESIII [46]
e+e− → pi0pi0 J/ψ CLEO-c [75]
e+e− → Zc(3900)± pi∓ Belle [44], BESIII [43]
X(4350) 4350.6+4.6−5.1 13.3
+18.4
−10.0 ?
?+ e+e− → φJ/ψ Belle [76] 2009
Y(4360) 4368 ± 13 96±7 1−− e+e− → pi+pi−ψ(2S ) BaBar [77, 78], Belle [59, 79], BESIII [70] 2007
e+e− → pi+pi−J/ψ BESIII [54]
Y(4390) 4391.5+7.3−7.8 139.5
+16.3
−20.7 1
−− e+e− → hc pi+pi− BESIII [69] 2016
Z(4430) 4478+15−18 181 ± 31 1+− B→ K−(pi+ψ(2S )) Belle [80–82], BaBar [83], LHCb [84] 2007
B→ K−(pi+ J/ψ) Belle [67], BaBar [83]
X(4630) 4634+ 9−11 92
+41
−32 1
−− e+e− → Λ+c Λ−c Belle [85] 2008
Y(4660) 4643±9 72±11 1−− e+e− → pi+pi−ψ(2S ) Belle [59, 79], BaBar [78] 2007
e+e− → Λ+c Λ−c BESIII [85]
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study of the X(3872), which is the best known exotic charmonium state. Section 4 is dedicated to the vector exotic
states Y . In Section 5 we review the electrically charged Z exotic states. In Section 6 we present an updated discussion
of the controversial Y states, i.e., those which need confirmation. In all the Sections, we give a brief experimental
introduction, a short review of the theoretical works on the states and then, in more detail, their interpretation in QCD
Sum Rules. Finally, in Section 7 we present the recent theoretical developments in QCDSR involving perturbative
αs corrections and, in the end, we finish with our concluding remarks in the summary. All the sections are to some
extent self-contained. Somewhat inspired by the PDG, this text allows the fast reader to go directly to the particle of
his interest and look for recent information.
2. QCD sum rules technique
In this section, we discuss in detail one of the most active nonperturbative approach in Quantum Chromodynamics
(QCD), which is also an entirely analytical tool for obtaining valuable information about hadronic states, called QCD
sum rules (QCDSR) or also known as SVZ sum rules after Shifman, Vainstein and Zakharov, in 1979 [118, 119].
The QCD sum rules approach [118–123] allows us to extract properties of hadronic states from QCD parameters
like quark masses, QCD coupling, and QCD condensates. In contrast to some nonperturbative approaches in QCD,
for instance, potential models, the QCDSR is an analytic method and fully relativistic [124]. Over the last decade,
this approach has been successfully used to describe the new hadronic states in the charmonium and bottomonium
spectrum. It was also employed to investigate the exotic structure of some states, recently observed by the LHCb
collaboration [125–127], which are candidates to be of Pentaquark nature [18]. It has been largely used in many
applications, different to testing the exotic nature of the hadronic matter. In the beginning, it was applied just to
investigate mesons and its extension to baryons was done afterwards by Ioffe [128]. There are some textbooks [124,
129] and articles [120, 130–132] in which the initial basic aspects of the method are discussed in many details, as well
as the extensions to studies involving the nuclear medium [133].
2.1. Correlation Functions
The approach focuses on the correlation functions of local composite operators. A generic two-point correlation
function is given by
Π(q) ≡ i
∫
d4x eiq·x〈0|T [ j(x) j†(0)]|0〉 , (1)
where j(x) is the local composite operator, 〈...〉 is the QCD vacuum expectation value, while T is the time ordered
product between the operators. These operators are build up from quarks and gluons fields in such a way that they
carry the quantum numbers of the hadron under investigation. We often refer to such operators as interpolating fields
or currents. The interpolating currents for non-exotic states have the following generic expression:
jn(x) = q¯a(x)Γnqa(x) , (2)
where q(x) is the spinor representing the quark field, a stands for the color index and Γn is any structure made of
Dirac matrices, Γn = 1, γµ, γµγν, γνγ5 . . ., which allows us to characterize the tensorial structure of the current. For
instance, Γ0 = 1 gives us j(x) = q¯a(x)qa(x) and describes a scalar meson with JP = 0+, while Γµ = γµ gives
jµ(x) = q¯a(x)γµqa(x), that is used to describe a vector meson with JP = 1−. Hence we can choose the scalar, vectorial
or tensor character of the interpolator by simply choosing the appropriate gamma matrix Γn. The quark content is
determined by the flavor of the hadron. For instance, the current c¯a(x)γµca(x) describes a meson with charm-anti-
charm quark content with Jp = 1−, and can be used to study, within the QCDSR approach, the J/ψ meson.
From the Quark-Hadron duality concept [124, 134, 135], which establishes a correspondence between two dif-
ferent descriptions of the correlation functions, we can match a QCD description of a correlation function with a
phenomenological one. More specifically, we can take into account the QCD degrees of freedom, quarks and gluon
fields, and calculate the correlation function using Wilson’s Operator Product Expansion (OPE) [136] in order to
separate the physics of short and long-range distances. In this description, the correlator is expressed as the sum of
coefficients (called Wilson’s coefficients), which are c-numbers, multiplied by the expectation values of composite
operators, which give rise to the condensates, for instance, the quark and gluon condensates. It is through those QCD
vacuum condensates that the nonperturbative effects are included into the method. By doing this, we are calculating
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the QCD side (also called OPE side) of the QCDSR. On the other hand, we can also consider the interpolating fields
in the correlation functions representing the hadronic degrees of freedom, in such a way that they are no longer the
quarks/gluon operators, but are associated to the creation/annihilation operators for the hadron itself. This descrip-
tion is usually called the Phenomenological side of the QCDSR. Assuming that there is an interval in momentum
for which the QCD side and the Phenomenological one are equivalent, we can compare both sides and extract the
hadronic parameter we are interested with.
Writing the correlation functions is also the starting point of other nonperturbative QCD approaches like Lattice
QCD calculations (in the Euclidean coordinate space) and, in this case, the uncertainties can be systematically im-
proved [133]. In the QCDSR technique we make use of some phenomenological inputs, limiting the accuracy of the
method to be around 10% − 20% [124, 137]. This estimate can get worst when we take into account the expectation
values of higher dimensional operators on the OPE side, since, as we will discuss later, we have to assume some
factorization hypothesis, i.e., we replace the expectation values of higher dimensional operators by the products of the
lower dimensional ones. This is one of the main source of uncertainty of the method.
2.2. The QCD side
As we are considering the quarks and gluons fields as the building blocks, i.e., the QCD degrees of freedom, we
have to deal with the effects of soft gluons and quarks fields populating the QCD vacuum. In other words, we have to
take into account the complex structure of the QCD vacuum. This means that the expectation values of the operators
associated with those fields are non-zero, giving rise to what we call condensates. One way to deal with this feature
of the QCD vacuum is to use the OPE [136].
As mentioned before, the correlation functions can be written as a sum of Wilson’s coefficients times the expec-
tation values of the composite operators. The perturbative part is encoded into those coefficients, which are obtained
using the perturbative QCD. The information on the complex structure of the QCD vacuum is in the condensates,
i. e., the nonperturbative effects due to the QCD vacuum is contained into the expectation values of the composite
operators. Therefore, using the OPE we have a clear separation of scales, that is, the short distances effects in the
coefficients, and the long-range ones due to the condensates. Therefore, we can write
Π(q) = i
∫
d4x eiq·x〈0|T [ j(x) j†(0)|0〉 =
∑
d
Cd(Q2) 〈Oˆd〉 , (3)
where Cd(Q2) (Q2 = −q2) is the Wilson’s coefficients, and 〈Oˆd〉 is the expectation value of the composite local
operators. This series is ordered by the dimension of the operator, denoted by the d index. The lowest-dimension
operator with d = 0 is the unit operator associated with the perturbative contribution: C0(Q2) = Πper(Q2), Oˆ0 = 1.
Since one cannot build gauge invariant composite operators for d = 2 [138], the next term in the expansion of Eq. (3)
is for d = 3. Considering only the lowest dimension operators in the OPE, one obtains:
Oˆ3 = : q¯(0)q(0) : ≡ q¯q
Oˆ4 = :g2s G
N
αβ(0)G
N
βα(0) : ≡ g2sG2
Oˆ5 = : q¯(0) gs σαβGβα(0) q(0) : ≡ q¯Gq
Oˆq6 = : q¯(0)q(0) q¯(0)q(0) : ≡ q¯qq¯q
OˆG6 = : fNMK g
3
s G
N
αβ(0)G
M
βγ(0)G
K
γα(0) : ≡ g3sG3 (4)
where the symbol :: represents the normal ordering of the operators, q(0) is the quark field, GNαβ(0) is the gluon field
tensor, fNMK is the structure constant of the SU(3) group and σαβ =
i
2 [γα, γβ]. The vacuum expectation value (VEV)
of these local operators
〈0| Oˆn |0〉 , (5)
gives the quark condensate 〈q¯q〉, gluon condensate 〈g2sG2〉, mixed condensate 〈q¯Gq〉, four-quark condensate 〈q¯qq¯q〉
and the triple gluon condensate 〈g3sG3〉. In general, the quark condensate and the gluon condensate are enough to
reliably investigate non-exotic mesonic systems [7], for instance, the J/ψ meson [118, 119, 139, 140]. Contrarily,
for exotic systems like the ones situated in the charmonium spectrum, the X(3872) for example, one has to go a step
further in the expansion, including the terms of higher dimensions [88].
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+ + ×〈q¯Gq〉 + . . .+ +
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Figure 1: The OPE for the two-point function Eq. (6).
Taking, as an example, the 2-point function for a scalar state, the OPE for this case will be (up to dimension-5):
Π(Q2) = C0(Q2) 1 + C3(q2)〈q¯q〉 + C4(q2)〈g2sG2〉 + C5(q2)〈q¯ G q〉 . (6)
The coefficients C0, C3, C4, C5 multiplying the condensates in Eq. (6), are obtained by calculating the Feynman
diagrams, whose topology depends on the particular choice of the interpolating current j. Examples of such diagrams
can be seen in Fig. 1.
The values for the condensates are not determined directly from the experiment and, in general, we extract them
from Lattice QCD calculations or, as in the case of quark and gluon condensates, they can be obtained from a QCDSR
calculation for a given well-known state. For instance, the gluon condensate was estimated in Ref. [141], where
the authors used the QCDSR method to investigate the charmonium system. As a result, they obtained 〈g2 G2〉 =
(7.5 ± 2.0) × 10−2 GeV4. The quark condensate can be estimated in terms of the pion mass mpi and its decay constant
fpi through the Oakes-Renner relation [142],
〈q¯q〉 = − f
2
pi m
2
pi
(mu + md)
, (7)
where mu(md) is the quark up (down) mass. Using the following values for the pion mass and its decay constant,
fpi = 93.0 MeV and mpi = 139.0 MeV [143], with mu + md = 14 MeV, we have 〈q¯q〉 = −(0.23 ± 0.03)3 GeV3.
On the other hand, for higher dimensional condensates, as is the case for d = 6 and d = 8, i. e., four-quark
condensate, and eight-dimensional condensate, respectively, we have to assume that they can be factorized and their
saturation values are: 〈q¯qq¯q〉 = 〈q¯q〉2, 〈q¯qq¯gσ.Gq〉 = 〈q¯q〉〈q¯gσ.Gq〉. In order to give an estimation of their precise
values, a more involved analysis has to be done, once it is related to a non-trivial choice of factorization scheme
[144]. In general, one introduces a parameter ρ, that assumes values from 1 up to 2.1, which account for deviations
of the factorization hypothesis, with ρ = 1 related to vacuum saturation values and ρ = 2.1 to the violation of the
factorization hypothesis assumption [122, 145–147]. This approximation also contributes to the uncertainties of the
sum rule calculation.
In conclusion, on the OPE side, we calculate the correlator in terms of the OPE series, and we have to consider
the contributions from condensates that are sufficient to guarantee a good OPE convergence. The next step is to write
the correlator using the Ka¨llen-Lehmann representation or the dispersion relation:
ΠOPE(q2) =
∞∫
smin
ρOPE(s)
s − q2 ds , (8)
where
ρOPE(s) =
1
pi
Im[ΠOPE(s)] , (9)
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is the spectral density function and smin stands for a kinematical limit in the integral. In the case of interpolating
currents with two heavy quarks (charm and bottom), smin = 4m2c(b), with mc(b) the charm (bottom) quark mass.
2.3. The phenomenological side
In this case, the correlation function is evaluated considering the hadron itself as the degree of freedom, i. e.,
the operators in terms of which the correlation function is defined is now represented by the hadronic state we are
interested in. Again, let us consider the two-point function as an example, with the interpolating current j associated
with the operator that creates/annihilates the hadron under investigation. We have
Πphen(q2) = i
∫
d4x eipx〈0|T
(
j(x) j†(0)
)
|0〉 . (10)
Using the Kallen-Lehmann representation, Eq. (10) is written as
Πphen(q2) =
∫ ∞
0
ds
ρ(s)
s − q2 + i + subtraction terms , (11)
where ρ(s) is the spectral function. It is defined as ρ(s) =
∑
n |〈n| j(0)|0〉|2, and it means that all intermediate states
coupling to the operator j contribute to the integral in Eq. (11). The spectral representation is a special case of
dispersion relations. Within the QCDSR approach, dispersion relations are useful since it encodes the Quark-Hadron
duality, which is the underlying concept of the QCDSR method. Therefore, the use of dispersion relations will connect
the QCD side with the Phenomenological side, allowing to extract the hadronic observables from the QCD parameters.
In order for the QCDSR technique to be useful, one must parametrize ρ(s) with a small number of parameters. For
this, we recall that in a hadron spectrum, in general, the lowest resonance is often fairly narrow, whereas higher-mass
states are broader. Therefore, one can parameterize the spectral density as a single sharp pole representing the lowest
resonance of mass mH , plus a smooth continuum of resonances representing higher mass states:
ρ(s) = λ2δ(s − m2H) + ρcont(s) . (12)
Using this equation into Eq. (11), we get the following expression for the Phenomenological side
Πphen(q2) =
λ2
q2 − m2H
+
∫ ∞
smin
ds
ρcont(s)
s − q2 + subtraction terms , (13)
where λ measures the coupling of the low mass hadron state |H〉 to the interpolating current j, i. e.
〈0| j|H〉 = λ. (14)
For simplicity, one often assumes that the continuum contribution to the spectral density, ρcont(s) in Eq. (12),
vanishes below a certain continuum threshold s0. Above this threshold, it is assumed to be given by the result obtained
with the OPE. Therefore, one uses the ansatz
ρcont(s) = ρOPE(s)Θ(s − s0) . (15)
Hence, we finally get
Πphen(q2) =
λ2
q2 − m2H
+
∞∫
s0
ds
ρOPE(s)
s − q2 + subtraction terms (16)
As we should discuss later, the second term on the RHS of Eq. (13) is suppressed, when a Borel transform is
applied, then we can extract the λ as well as the mass of the low-lying state coupling to the current j. In the next
subsections, we are going to show that we can extract mass of the hadronic state under investigation from the two-
point functions. Three-point functions are useful to get the form factors, which provide the coupling we need to know
in order to determine the decay widths.
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2.4. Borel Transform
According to the Quark-Hadron duality, the sum rule is obtained by equating the correlator evaluated on the OPE
side with the one written on the Phenomenological side:
ΠOPE(Q2) = Πphen(Q2) . (17)
The validity of Eq. (17) gives us information about the properties of hadrons in terms of the QCD variables. However,
such a duality is weakened by: i) the presence of subtraction terms which appear as unknown polynomials in Q2; ii)
dominance of excited state contributions in comparison with the lowest hadronic state contribution; and iii) the trun-
cation of the OPE. In order to overcome these problems and to obtain a self-consistent and a reliable match between
OPE and Phenomenological sides, the authors in Refs. [118, 119] suggested to perform a Borel transformation on
both sides of the sum rule. The Borel transformation (also known as inverse Laplace transformation) is defined as:
Π(M2) = B[Π(Q2)] ≡ lim
Q2 , n→ ∞
Q2/n = M2
(Q2)n+1
(n)!
(
− d
dQ2
)n
Π(Q2) , (18)
where the parameter M2 is often called as the Borel mass. Some typical and useful examples of the Borel transforma-
tion are:
B[(Q2)k] = 0 , (19)
B
[ 1
(Q2)k
]
=
(−1)k
(k − 1)!(M2)k−1 , (20)
B
[( 1
s + Q2
)k]
=
1
(k − 1)!
( 1
M2
)k−1
e−s/M
2
. (21)
Evidently, the Borel transformation kills any eventual subtraction terms in the correlators and suppresses exponen-
tially the continuum contribution, improving the convergence of the dispersion integral. Furthermore, it suppresses
factorially the higher-order operators in OPE, which contain inverse powers of Q2, justifying the truncation of the
OPE and favoring a good OPE convergence.
2.5. QCD sum rules: Two-point function and Mass
After transferring the continuum contribution to the OPE side, and performing a Borel transformation on both
sides, the sum rule can be written as
λ2 e−m
2
H/M
2
=
∫ s0
smin
ds ρOPE(s) e−s/M
2
. (22)
By taking the derivative of Eq. (22) with respect to 1/M2 and dividing the result by Eq. (22), we obtain
m2H =
s0∫
smin
ds s ρOPE(s) e−s/M2
s0∫
smin
ds ρOPE(s) e−s/M2
. (23)
To extract reliable results from Eq. (23), it is necessary to work in a region with a M2-stability, a dominance
of the lowest hadronic state (or pole dominance) over the continuum contribution, and a good OPE convergence.
When it is possible to find a Borel range of M2 where all above mentioned requirements are fulfilled, then we can
define the so-called Borel window. Notice that the Borel mass, M2, is intrinsically related to the energy scale of the
hadronic system. Therefore, considering higher values for M2 would correspond to the higher-energy regime where
the continuum contribution dominates. In order to avoid this region, one usually sets an upper bound on the Borel mass
value, M2max, where the pole dominance is guaranteed. A maximum value is determined by imposing the condition that
the pole contribution is equal to the continuum contribution. On the other hand, considering smaller values for M2,
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implies working in the low-energy regime, where the truncated OPE no longer provides a reasonable information on
the lowest hadronic state. The non-perturbative effects become extremely important and higher dimension condensates
must be included in the OPE series. Then, one naively expects that there is a minimum value in the Borel mass, M2min,
which still provides a good OPE convergence. Typically, one defines the M2min value where the contribution of the
higher dimension condensates in the OPE is smaller than 10% to 25% of the total contribution. This can be controlled
by the N-parameter
N ≡
∣∣∣∣∣1 − OPEN−1OPEN
∣∣∣∣∣ = 0.10 to 0.25 . (24)
where OPEN is the summation up to the N-dimension operator in the OPE series. Finally, one expects that the hadron
mass has a certain stability in the M2 parameter inside the Borel window. Then, Borel windows with a large M2-
instability could indicate that the obtained hadron mass is not reliable, and more improvements must be done for these
sum rule calculations. Sometimes, the inclusion of more condensates in the OPE improves such a M2-stability. If one
can not find a Borel window, then the QCDSR method can not be used to draw any conclusions.
Another important point is the choice of the continuum threshold, s0. It is a physical parameter that should be
determined from the hadronic spectrum. Using a harmonic-oscillator potential model, it was shown in Ref. [148] that
a constant continuum threshold is a very poor approximation. The actual accuracy of the parameters extracted from
the sum rules improves considerably when using a Borel dependent continuum threshold. It also allows to estimate
realistic systematic errors [149]. However, to be able to fix the form of the Borel dependent continuum threshold,
one needs to use the experimental value of the mass of the hadron. Since in our study we want to determine the mass
of the state and not to use the experimental value, it is not possible to fix the Borel dependent continuum threshold.
For this reason, although aware of the limitations of the values we extract mass from the sum rule, as a first estimate
for such states, by using a constant continuum threshold. In many cases, a good approximation for the value of the
continuum threshold is the value of the mass of the first excited state squared. In some known cases, like the ρ and J/ψ
mesons, the first excited state has a mass approximately 0.5 GeV above the ground state mass. As we do not know,
in principle, the spectrum of the hadrons we study, the range for the continuum threshold is fixed to be the smallest
value which provides a valid Borel window. The optimal choice for s0 is taken when there is a M2-stability inside the
Borel window. Therefore, the sum rule calculation that respects these optimal criteria, can reliably extract the mass of
hadronic states through Eq. (23).
2.6. QCD Input Parameters
We consider here the same values for the quark masses and condensates as used in Refs. [88–94, 150], listed in
Table 2.
Table 2: QCD input parameters.
Parameters Values
mb (4.24 ± 0.05) GeV
mc (1.23 ± 0.05) GeV
ms (0.13 ± 0.03) GeV
〈q¯q〉 −(0.23 ± 0.01)3 GeV3
〈α2sG2〉 0.88 GeV4
κ ≡ 〈s¯s〉/〈q¯q〉 (0.74 ± 0.03)
m20 ≡ 〈q¯Gq〉/〈q¯q〉 (0.8 ± 0.2 GeV2
2.7. QCD sum rules: Three-point function and Decay Width
The use of three-point or vertex functions in QCDSR technique is related to the decay width, where a coupling
constant is involved. Consider, for instance, the hadronic decay process H1(p) → H2(p′) H3(q), in which a given
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hadronic state H1(p), with four-momentum p, decays into two hadrons H2(p′) and H3(q) each with momentum p′, q,
respectively. The three-point function associated with this vertex is written as
Π(p2, p′, q2) =
∫
d4x
∫
d4y eip
′·xeq·y 〈0|T
{
jH3 (x) jH2 (y) j
†
H1
(0)
}
|0〉 , (25)
with jH1 , jH2 and jH3 the interpolating currents associated with the hadrons H1, H2 and H3, respectively.
The evaluation of Eq. (25) follows the same steps as those used for the two-point case. That is, it can be evaluated
using QCD degrees of freedom and, in this case, the OPE is used in order to deal with the complex QCD vacuum
structure. The coefficients of this operator expansion are determined by perturbative calculation, while the vacuum
expectation value of the operators are parametrized in terms of the condensates. On the other hand, Eq. (25) can also
be evaluated using hadronic degrees of freedom. In this case, the three-point function is written in terms of the matrix
elements of hadronic states. These matrix elements are, in general, obtained by using some effective field theory
approach, where an effective Lagrangian provides the information on the dynamics.
It is worth mentioning that since the analytical structure of the three-point function can be different from the
two-point case, the use of a dispersion integral should be treated with care [151–154].
2.7.1. QCD or OPE side
Analogously to the two-point function case, the OPE for Eq. (25) can be written as
ΠOPE(P2, P′ 2,Q2) =
∞∑
n=0
Cn(P2, P′ 2,Q2) 〈Oˆn〉 , (26)
with Cn(P2, P′ 2,Q2) being the OPE coefficients. The vacuum expectation values of the local operators are the same
ones already defined in Eq. (3) for the two-point case. The coefficients Cn(P2, P′ 2,Q2) are obtained by calculating
some Feynman diagrams. As an illustration, Fig. 2 shows a typical OPE (for the first lowest dimensions) in which
some Feynman diagrams (other permutations are possible) are inside the brackets. The first one in Fig. 2 is associated
with the first coefficient on the RHS of Eq. (26), and it gives the coefficient C0 for the unit operator, reflecting the fact
that at zero order, we have contribution only from the perturbative QCD physics domain. The second term in Fig. 2
has dimension d = 3 and is used to determine the coefficient C3. The third term in the series in Fig. 2, with dimension
d = 4, determines C4 that is multiplied to the gluon condensate 〈g2s G2〉. The last set of diagrams contributes to
the coefficient C5 multiplying the quark-gluon mixed condensate. According to Ref. [118] these power corrections
are more important than higher order perturbative αs corrections. This will be discussed in the last section of this
manuscript.
Once these diagrams are calculated we arrive at an expression for ΠOPE(p2, p′ 2, q2) that has the generic form:
ΠOPE(p2, p′ 2, q2) =
∑
i
Γi(p2, p′ 2, q2)Ti (27)
where Γi(p2, p′ 2, q2) are invariant functions of the momenta and Ti are the tensorial structures, i.e., products of Dirac
matrices, the metric tensor and the four momenta, carrying Lorentz indices. The amount of Lorentz indices in those
structures depends on the tensorial nature of the current jn defined in Eq. (2). The invariant functions Γi(p2, p′ 2, q2)
can be written in terms of a double dispersion relation over the virtualities p′ 2 and p2 [155–158]
Γi(p2, p′ 2, q2) = − 14pi2
∞∫
smin
ds
∞∫
umin
du
ρOPEi (s, u, q
2)
(s − p2)(u − p′ 2) + . . . , (28)
where ρOPEi (s, u, q
2) is the double discontinuity that can be calculated using the Cutkosky′s rules [159]. The terms not
written explicitly, represented by the dots in Eq. (28), are polynomials in p′ 2 and p2, and they vanish after a double
Borel transform is applied to Eq. (28). It is just a Borel transform as in Eq. (18) applied twice, with P2 = −p2 → M2
and P′ 2 = p′ 2 → M′ 2. A double transform applied to Eq. (28) leads to
B{B[Γi(P2, P′ 2,Q2)]} = − 14pi2
∞∫
smin
ds
∞∫
umin
du ρOPEi (s, u,Q
2) e−s/M
2
e−u/M
′ 2
. (29)
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Figure 2: The OPE expansion for the three-point function of non-exotic mesons. Possible permutations are not shown
The Borel parameters, M2, M′ 2, are chosen in such a way that the contribution of the higher states is suppressed at
the same time we keep the power corrections under control.
As the interpolating currents are written in the form given by Eq. (2), the three-point function describes the
coupling between non-exotic states, i. e., a vertex where a non-exotic meson decays into two other non-exotic mesons
[158]. However, most of the new charmonium states have been described as exotic states. In order to describe, within
QCDSR approach, those states as exotic four-quark states, the interpolating currents must have an additional pair of
quark-anti-quark as compared with Eq. (2):
ji j = abcdec(qTa CΓiqb)(q¯dΓ jCq¯
T
b ) , (30)
ji j = (q¯aΓiqa)(q¯bΓ jqb) . (31)
These four-quark currents are used to interpret the exotic structures with a tetraquark current, Eq. (30), or with a
molecular current, Eq. (31). The new diagrams connected with the coefficients for the OPE in this case are constructed
in the same manner as in the previous one. However, the topology changes, i. e. the Feynman diagrams will look like
the ones depicted in Fig. 3. This occurs because the additional pair of quark-anti-quark fields on the current definition,
gives rise to the “petal” form in the diagrams of Fig. 3.
For most exotic-type current calculations [105, 106, 108, 111, 114, 160], usually, it is sufficient to write the OPE
up to dimension five d = 5. Some of the diagrams of dimension five (d = 5) have an interesting feature. When
there is a gluon exchange between the petals they are called color-connected. This implies that they are related to
an intrinsic tetraquarks structure since the two petals cannot be considered as representing two separated mesons
[106, 108, 160, 161].
Before proceeding it is important to stress that the currents in Eqs. (30), (31), and all currents used in this review
to describe four-quark states, are local. Therefore, it is not possible to clearly distinguish between a tightly-bound
tetraquark structure and a weakly-bound molecular structure. It is just the color combination between the quarks in
the currents that is similar to a tetraquark or molecular state. Furthermore, due to Fierz transformation (see for instance
Ref. [7]), these currents are related with each other and, in general, it is easy to reproduce the mass of the state for
a variety of currents with the same quantum numbers. However, the relation between the currents are suppressed
by typical color and Dirac factors and, as a consequence, the coupling between the current and the state can vary
largely [99]. Therefore, a current with a large overlap with the physical state can still be used as an indi! cation of the
state inner structure.
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Figure 3: The OPE for the three-point function written in terms of exotic interpolating currents. Possible permutations are not shown.
2.7.2. Phenomenological side
The phenomenological side of the three-point function is defined in terms of the hadronic degrees of freedom.
This means that one has to consider the current operators as the creation/annihilation of the hadrons in the vertex.
The three-point function is evaluated inserting a complete set of intermediate states between these operators. This
procedure leads to hadronic matrix elements such as 〈0| jn(p)|H〉, that represents the coupling of the hadronic state
H with the current jn. These matrix elements are parametrized in terms of hadron parameters. Let us define the
parameter fHi , associated to each hadron in the vertex, as:
〈0| jH1 (p)|H1(p)〉 = fH1
〈0| jH2 (p′)|H2(p′)〉 = fH2
〈0| jH3 (q)|H3(q)〉 = fH3 . (32)
The three-point function can be written as
Πphen(p2, p′ 2, q2) =
fH1 fH2 fH3
(p2 − m2H1 )(p′ 2 − m2H2 )(q2 − m2H3 )
〈H2(p′)H3(q)|H1(p)〉 . (33)
The matrix element in Eq. (33): 〈H2(p′)H3(3)|H1(p)〉, is associated with the transition H1 → H2 H3 and, in general,
is obtained from an effective Lagrangian describing the vertex we are interested in. A form factor, gH1H2H3 (q
2), is
introduced in Eq. (33) when an effective Lagrangian is used to calculate the matrix element 〈H2(p′)H3(q)|H1(p)〉:
〈H2(p′)H3(q)|H1(p)〉 = gH1H2H3 (q2) Ti , (34)
where Ti is the tensorial structure discussed previously. These tensor structures will be important in the definition of
the sum rules, since the comparison must be done with the same tensorial structure on both sides of the sum rule. In
principle all structures are equivalent and should yield the same result. In practice, due to the truncation of the OPE,
some differences appear and one structure may be more reliable than others [162]. The Phenomenological side of the
sum rule can be written as
Πphen(p2, p′ 2, q2) =
∑
i
Γ
phen
i (p
2, p′ 2, q2) Ti , (35)
with Γpheni (p
2, p′ 2, q2) defined as
Γ
phen
i (p
2, p′ 2, q2) =
fH1 fH2 fH3
(p2 − m2H1 )(p′ 2 − m2H2 )(q2 − m2H3 )
gH1H2H3 (q
2) . (36)
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In Eqs. (33) and (36) we have written explicitly only the pole contribution to the three-point function. On the other
hand, as done on the OPE side, Eq. (36) can also be written in terms of a double dispersion relation, in such a way
that the effects of higher states can be taken into account also on the Phenomenological side. Therefore, we write:
Γ
phen
i = −
1
4pi2
∞∫
smin
ds
∞∫
umin
du
ρ
phen
i (s, u,Q
2)
(s − p2)(u − p′ 2) , (37)
where ρpheni (u, s,Q
2) is the double discontinuity of the amplitude Γi(p2, p′ 2,Q2). In Ref. [158] this spectral density
was generically expressed as
ρ
phen
i (s, u,Q
2) = aδ(s − m2H1 ) δ(u − m2H2 ) + bδ(s − m2H1 )θ(u − u0)
+ cδ(u − m2H2 )θ(s − s0) + ρcont(s, u,Q2)θ(s − s0)θ(u − u0) , (38)
where s0, u0 are the continuum thresholds associated with the hadrons H1 and H2, respectively. Equation (38) has a
simple kinematical interpretation. The first term describes the kinematical situation where the hadrons H1 and H2 are
on the ground state, while H3 is off-shell, with arbitrary Euclidian four momentum Q2 = −q2. The second term refers
to a situation where H1 is still on the ground state, but the ground state of the hadron H2 is absent in the vertex, which
contains only its excitations starting at u0. The third term is analogous to the second one with the exchange H2 ↔ H1.
Finally, the last term represents the excitations of H1 and H2, which start at s0 and u0 respectively. Substituting
Eq. (38) into Eq. (37), with the parameter a (in Eq. (38)) identified as the pole term given in Eq. (36), we obtain
Γ
phen
i =
fH1 fH2 fH3 gH1H2H3 (q
2)
(p2 − m2H1 )(p′2 − m2H2 )(q2 − m2H3 )
− 1
4 pi2
[
1
m2H1 − p2
∞∫
u0
du
b(u, q2)
(u − p′2)
+
1
m2H2 − p′2
∞∫
s0
ds
c(s, q2)
(s − p2)
]
+
∞∫
s0
ds
∞∫
u0
du
ρcontn (s, u,Q
2)
(s − p2)(u − p′2) .
(39)
In Eq. (39), b(s, q2) and c(s, q2) are unknown functions contributing to the pole-continuum transitions [96, 163] of the
hadrons H1 and H2, respectively. These functions can be determined adopting the model discussed in Ref. [164].
2.7.3. Three-point function sum rule
Analogously to the two-point function case, the three-point function sum rule is obtained by matching the OPE
and the Phenomenological sides. In order to do this a given tensorial structure, Ti, must be present on both sides.
Hence, for a given Ti structure, after doing a Borel transform in both P2 → M2 and P′2 → M′2 one has
Γ
phen
i (M
2,M′ 2,Q2) = ΓOPEi (M
2,M′ 2,Q2) . (40)
Since this review is dedicated to the exotic charmonium states, all of the applications discussed here are related
to hadronic states that are described by exotic four-quark interpolating currents. As a consequence, the invariant
function, ΓOPEi , depends only on P
2 and Q2 or on P′ 2 and Q2 four momenta and, in this case, a double Borel transform
eliminates the OPE side. To overcome this problem we first notice that in the calculations involving systems with
heavy flavors the approximation P2 ≈ P′ 2 is very good [156]. Therefore, taking P2 = P′ 2 we do a single Borel
transform to P2 = P′2 → M2 on both sides of the sum rules. However, as first noticed by Ioffe and Smilga [163]
the pole-continuum transitions are not exponentially suppressed, as compared to the pole contribution, when only one
Borel transformation is done in both P2 and P′ 2. Following Ref. [163] here we introduce an unknown function B(Q2)
parametrizing the two integrals in the brackets in Eq. (39). Therefore, the sum rule can be written as:
fH1 fH2 fH3 gH1H2H3 (Q
2)
(Q2 + m2H3 )
e−m2H1 /M2 − e−m2H2 /M2m2H2 − m2H1
 + B(Q2)e−s0/M2 = ΓOPE(M2,Q2) . (41)
The second term on the LHS of Eq. (41) accounts for the pole-continuum transitions. An expression for the form
factor is obtained by taking the derivative of Eq. (41) with respect to 1/M2 and using the result to eliminate B(Q2)
from the equations.
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Figure 4: (a) QCDSR results for the form factor gZcηcρ(Q
2) as a function of Q2 and M2. (b) QCDSR results for gZcηcρ(Q
2), as a function of Q2 for
Borel mass values within the interval 4.0 ≤ M2 ≤ 10.0 GeV2 (squares). The solid line gives the parametrization of the QCDSR results through Eq.
(42). The cross gives the value of the coupling constant. Taken from Ref. [106].
2.8. Extrapolation of the form factor and the coupling constant
The coupling constant is obtained from the form factor, gH1H2H3 (Q
2), in Eq. (41). In fact, it is defined as the value
assumed by the form factor at the hadron pole mass, that is gH1H2H3 = gH1H2H3 (Q
2 = −m2H3 ). However, we cannot
simply consider Q2 = −m2H3 in Eq. (41) since the sum rule is valid only for Q2 > 0. Therefore, in order to overcome
this problem we use a procedure that allows us to extrapolate the QCDSR results to the time-like region, where the
value for the coupling constant can be extracted. To this end we use a function that fits the QCDSR results for the
form factor gH1H2H3 (Q
2).
The form factor depends not only on Q2, but also on the Borel mass M2. The QCDSR results would be independent
of this parameter if one could take into account the whole OPE series, without truncating it at some dimension. Since
the OPE series is always truncated at some order, we have to look for some interval at M2 in which the QCDSR results
are as independent of the Borel mass as possible. Following this procedure, we are able to guarantee that the QCDSR
results depend only on Q2. Therefore, we usually plot gH1H2H3 (Q
2) as a function of Q2 and M2 in order to look for
such an interval. As an example, Fig. 4(a) shows the plot of the form factor of the Z+c (3900)→ ηc ρ+ vertex, studied in
Ref. [106]. As can be seen, from values within the interval 4.0 ≤ M2 ≤ 10.0 GeV2, the form factor gZcηcρ has almost
no M2 dependence and consequently gZcηcρ has the same Q
2 dependence for every M2 value assumed on that interval.
Fig. 4(b) shows gZcηcρ as a function of Q
2 (represented by the squares) for Borel mass values within the interval
4.0 ≤ M2 ≤ 10.0 GeV2. Note that the QCDSR results are evaluated in the interval 8.5 ≤ Q2 ≤ 12.0 GeV2. This is the
interval in which the results are independent of M2 and, therefore, we can say that the QCDSR results have a good
degree of reliability.
In the gZcηcρ case, we extrapolate the QCDSR results (given by the squares in Fig. 4(b)) by using an exponential
function
gZcηcρ(Q
2) = g1 e−g2Q
2
, (42)
that fits the QCDSR results (the solid line in Fig. 4(b)) for g1 = 4.83 GeV and g2 = 5.6 × 10−3 GeV2. The QCDSR
results in Fig. 4(b) were obtained by considering the ρ meson as being off-shell. The coupling constant gZcηcρ is then
given by gZcηcρ(Q
2 = −m2ρ), leading to the following result [106]:
gZcηcρ(Q
2 = −m2ρ) = (4.85 ± 0.81) GeV . (43)
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The value of the coupling constant extracted from the QCDSR results depends on the choice of the function g(Q2).
More concretely, if we would choose another function to fit the QCDSR results, shown in Fig. 4(b), we would get a
different value for the coupling constant, gZcηcρ, in Eq. (43), since two different functions that fit the QCDSR results
might have a different behavior at the time-like region. This will give rise to some uncertainty in the extracted value
of the coupling constant. In order to illustrate this uncertainty we show, in Fig. 5, the calculation of the Y → J/ψφ
coupling constant using different parametrizations to extract the coupling constant [114].
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Figure 5: QCDSR results (filled circles) for Y J/ψφ vertex function. The dotted, dashed and solid lines, correspond to the fits using different
expressions for the form factor FYψφ, as can be seen on the plot. The shaded area near the vertical axis indicates the range of the values for the
coupling constant FYψφ due to the different choices for the form factor. Taken from Ref. [114].
The QCDSR results in Fig. 5 are represented by the circles and squares. In order to fit these points three different
functions, denoted by F(Q2), were used. As it was expected, each one gives a different value for the coupling constant
FYψφ, as indicated by the shaded area projected into the vertical axis.
In Table 3, we list some few examples of the most common analytical functions used to describe form factors in
QCDSR calculations: the monopolar, exponential and Gaussian forms. All of them have in common the fact that,
they vanish as Q2 → ∞.
Table 3: Some examples of analytical functions for the form factors used in QCDSR calculations.
Analytical functions for the form factor
Monopolar f1f2+Q2
Exponential f1 e− f2Q
2
Gaussian f1e−( f2+Q
2)2/ f3
In general, as it is discussed in [158], these systematic uncertainties are reduced by performing a double QCDSR
analysis. For a given H1H2H3 vertex, we take H1 to be off-shell, calculate the QCDSR points and extrapolate them to
the time-like region. At the same time we take H2 to be off-shell and repeat the procedure. When doing the extrap-
olations we impose the two form factors to yield the same coupling constant. This matching condition significantly
reduces the freedom in the choice of the parameters f1, f2, ...etc. This procedure is enough to reduce the uncertainties
and provides results consistent with the experimental values, as it was the case for the D∗Dpi and J/ψD∗D∗ studied in
Refs. [165, 166].
Even after the above mentioned improvement one might argue that the choice of the functional form, gH1H2H3 (Q
2),
remains arbitrary and this implies a systematic uncertainty. In order to reduce this freedom of choice one may try to
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match the QCDSR results with meson loops calculated via effective field theory approach. This idea was advanced
in Ref. [167], and can be used to impose constraints that allow us to reduce the freedom of choice of the function
parametrizing the QCDSR results in the deep Euclidean region.
As it was shown in Ref. [167], in a certain Q2 region the D∗Dpi vertex is described by an effective Lagrangian
obeying chiral symmetry. Beyond the tree level one can compute meson loop diagrams. These computations bring up
some unknown parameters arising from the renormalization of the loops. Fortunately, these unknown loop parameters
can be isolated into some basic constants, and by matching the calculation of the form factor to the QCDSR results,
they can be determined, providing a knowledge of the form factor.
This match between chiral and QCDSR results is justified. In the region in which the QCDSR approach does not
provide reliable results (at low or negative Q2 values) the effective field theory approach is valid. On the other hand,
for intermediate and higher Q2 regions the QCDSR is more reliable than the effective theories.
2.9. Limitations of the applications of the QCDSR to the exotic states
One of the limitations, as already discussed in Sec. 2.7.1, is due to the use of local currents. One can not distinguish
between tetraquarks or molecular states, considered as spatially large objects. The only thing one can say is that if
a molecular kind of current couples strongly with the state, this gives us a hint about the color organization of the
quarks in the state. In order to consider the size of the states, a possible alternative would be to use non-local currents.
To our knowledge, non-local currents have never been used in the QCDSR approach, since quantum corrections to
these non-local operators are awful [168]. However, non-local currents for the exotic states, in particular Zc(3900)
and Z(4430), have already been used in a covariant quark model [169]. It is a challenge but it would be important to
consider them also in the QCDSR approach.
The lack of αs corrections, in most of the previous calculations, can be also a limitation. However, as shown in
Sec. 7, αs corrections have already been considered in the QCDSR for the exotic states, leading to small corrections
to their masses.
Another drawback of the method is the fact that most of the X, Y, Z states are found close to the two particle
S -wave thresholds to which they seem to have quite strong couplings. In studies of non-exotic hadrons, the ground
state of the spectrum is a zero width state and is well separated from the continuum. In this case, a reasonable Ansatz
is adopted for the phenomenological description of the spectral function, which is taken to be a sharp pole separated
from a continuum, see Eq.(12). The same Ansatz has been extended to the case of X, Y, Z states, assuming that each
X, Y or Z state is the ground state of the related spectrum and that the corresponding higher excited states lie in the
high energy region. Such a description can be questioned in the case of exotic hadrons, where two meson thresholds
often lie close to their masses and which can couple to them in S -wave. In fact, such hadron channels may even lie
below the mass of the exotic states, contributing to their widths and smearing up a continuum in the background of
the spectral function.
There have been several attempts to consider the contribution of such two particle intermediate states to the
QCDSR of exotic states [170–173]. In all cases these two-hadron-reducible contributions [170] can be included
by adding a term in the phenomenological side of the sum rule. In general, the H1 −H2 continuum contribution to the
exotic state X, that couples in S -wave with these two hadrons, can be included by modifying the phenomenological
side of the QCDSR in Eq. (12) as:
ρ(s) = λ2δ(s − m2X) + ρcont(s) + ρH1H2 (s) . (44)
To find an expression for ρH1H2 (s) one needs to introduce a coupling between the current, representing the exotic state,
and the two particles (considering here, for simplicity, as spin 0 states):
λH1H2 = 〈0| jX |H1 H2〉 . (45)
The correlation function of the H1 − H2 continuum is then given by [173]:
ΠH1H2 (p
2) = i|λH1H2 |2
∫
d4q
(2pi)4
i
q2 − m2H1
i
(p − q)2 − m2H2
, (46)
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and, therefore, ρH1H2 (s) is given by
ρH1H2 (s) =
1
pi
Im[ΠH1H2 (s)] . (47)
The problem in such approach is how to evaluate λH1H2 . It could be evaluated by using the method of current algebra,
if the properties of the resonance state are known. It could be evaluated by a new QCDSR, as in Refs. [170–172], with
the consequence of introducing more uncertainties in the calculation. In Ref. [173] ρpipi(s) was parameterized as:
ρpipi(s) = as2
√
1 − 4m
2
pi
s
, (48)
where a is a new parameter. In Ref. [173] such pi− pi continuum contribution to the QCDSR of the light scalar σ(600)
(considered as a tetraquark) was included. The sum rule shows a much better stability of the obtained resonance mass
with respect to the continuum threshold parameter s0.
In all quoted cases [170–173], the inclusion of the two-hadron-reducible contribution to the QCDSR improves the
stability of the results, but it does not change drastically the results for the mass of the exotic state. Therefore one
can say that, although an effort should be made to include such contribution to the QCDSR of the X, Y, Z states, the
results obtained so far can still be trusted.
The presence of two-hadron thresholds near the mass of exotic states can give rise to yet other type of compli-
cations. Sometimes the opening of these thresholds can lead to cusp like structures in cross-sections/invariant mass
spectra [174, 175]. The cusps usually show up with line shapes different to a Breit-Wigner state, though it may not
be straightforward to distinguish between the two. However, it is argued in Ref. [176], that a narrow peak must corre-
spond to a bound state/resonance (pole in the complex plane, in the amplitude). Other difficulty is that sometimes the
pole may not be present in the right Riemann sheet and the state may have an alternative interpretation, such as, a vir-
tual state (see the review [20] for more discussions). Such states can also lead to an enhancement in the experimental
data. It is, thus, important to investigate if a possible state found in experiments is a genuine state or a threshold effect
or a virtual state, etc. Effects, like, cusps, virtual states, etc., cannot be directly identified in QCD sum rules. One
would reach a negative result (based on the conditions to be satisfied in order for the results to be reliable) concluding
the nonexistence of a state, which would indicate that the enhancement found in experiments may have a different
interpretation.
3. The X(3872) state
It has been fifteen years since the first observation of the X(3872) state was reported. It was the first charmonium
state that could not be accommodated within the usual quark-antiquark meson model. Ever since then, the study of
hadron spectroscopy is continuously being revised, with the observation of several other states with exotic properties
in the heavy quark sector. The first observation was reported in 2003 by Belle Collaboration with the measurement
of a narrow resonance in the B meson decay channel B± → K±X(→ J/ψpi+pi−) [23], and soon it was confirmed by
BABAR in the same channel [177], and by D0 and CDF Collaborations in pp¯ collisions [27, 30]. Subsequently,
the X(3872) was observed in many other experiments and in several different channels, leading to a vast amount of
experimental data, which are collected and summarized by the PDG [22]. Here, we list some of the main experimental
results and their connection with the main theoretical interpretations of X(3872).
The current world average mass of the X(3872) is 3871.69 ± 0.17 MeV and it is a very narrow state, with an
upper limit on the decay width of Γ < 1.2 MeV at 90% confidential level (CL) [22]. The first interesting aspect one
can readily notice is the proximity of the mass of the state to the D0D¯∗0 threshold, 3871.81 ± 0.09 MeV. The state
quantum numbers have been completely determined as JPC = 1++, corresponding to an axial vector meson [178]. The
determination of the charge-conjugation parity was stablished unambiguously to be C = +1, due to the observation
of the radiative decay X → γJ/ψ reported by Belle in Ref. [31]. In Ref. [28], the CDF Collaboration performed
an analysis of the angular distributions for the decay channel X(3872) → J/ψpi+pi−, J/ψ → µ+µ− comparing the
obtained outcome with the theoretical predictions, and of all possible assignments, only the quantum numbers 1++
and 2−+ were consistent with the data, while the other quantum numbers were excluded with 99.7% CL. Finally, the
LHCb Collaboration performed a full amplitude analysis of the angular correlations, in five dimensions, between the
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products of the decay mode B± → K±X(3872), establishing the quantum numbers of the state as JPC = 1++, definitely
ruling out the 2−+ possibility [178].
The discussions on the puzzling nature of the X(3872) started immediately after its observation. A possible
candidate, within the quark-antiquark conventional model with proper quantum numbers, would be the 23P1 state,
also known as χc1(2P) or χ′c1. However, the masses obtained for this state, from constituent quark models or lattice
QCD, are not compatible with the X(3872) mass [179–181]. The fact that the X(3872) could not be accommodated
within the conventional quark model and that its mass is very close to the D0D¯∗0 threshold, strongly suggested a
possible molecular structure with small biding energy. In fact, the existence of a molecule, with 1++ (and also with
0−+) quantum numbers, near the D0D¯∗0 threshold was predicted by Tornqvist, using the potential model, many years
before the discovery of X(3872) [182].
The measurement of the branching ratio between final states with two and three pions was definitive to establish
the unconventional nature of X(3872). In Ref. [31], Belle reported the branching ratio for the channels X → J/ψpi+pi−
and J/ψpi+pi−pi0:
B(X → J/ψ pi+pi−pi0)
B(X → J/ψpi+pi−) = 1.0 ± 0.4 ± 0.3. (49)
The BaBar Collaboration [32] also observed the decay X → J/ψω at a rate compatible with Eq. (49):
B(X → J/ψpi+pi−pi0)
B(X → J/ψpi+pi−) = 0.8 ± 0.3. (50)
The decay mode J/ψpi+pi− occurs via ρJ/ψ, with isospin I = 1, and J/ψpi+pi−pi0 via ωJ/ψ, with isospin I = 0,
indicating a strong isospin and G parity violation. The isospin violating modes are strongly suppressed for cc¯ states,
while should be a common feature for molecular states [183]. Besides, this result was predicted by Swanson in
Ref. [184], considering the X(3872) as a D0D¯∗0 molecule with a small admixture of ρJ/ψ and ωJ/ψ components.
The radiative decays are other important processes that lead to distinguishable results between the charmonium
and molecular states, as pointed out by Swanson in Ref. [183]. The Belle Collaboration reported the first observation
of the radiative decay channel [31], X → γJ/ψ, with a branching ratio of
Γ(X → γJ/ψ)
Γ(X → pi+pi−J/ψ) = 0.14 ± 0.05. (51)
This result is incompatible with the preferred cc¯ candidate χc1, but it is in agreement with the molecular description
for X(3872) [183, 185]. Although the topic is still not settled, this result has contributed to the general consensus
about the unconventional nature of X(3872).
Another possibility for the nature of X(3872) as a four-quark state is a tetraquark structure, as proposed by Maiani
et. al. [186]. In this model, the state is formed by the binding of a diquark and an antidiquark pair, with a symmetric
spin distribution. The mixing of pure isospin states provides the possibility of isospin violating modes.
An additional radiative decay mode, X → γψ(2S ), was reported by Babar [37], with a large branching ratio in
comparison to the γJ/ψ mode:
Rψγ =
B(X → γψ(2S ))
B(X → γψ) = 3.4 ± 1.4. (52)
The Babar result was confirmed by the LHCb Collaboration [38], where the branching ratio measured was Rψγ =
2.46±0.64±0.29. This ratio varies widely in different theoretical models, and can be used as a distinguishable feature
between different models. For example, in Ref. [183], the molecular model gives rise to a suppression of the γ ψ(2S )
channel, providing: Γ(X→ψ(2S ) γ)
Γ(X→ψγ) ∼ 4× 10−3. In fact, neither pure charmonium or pure molecule can accommodate this
experimental result (see [38] and references therein), and the predicted ratio in Eq. (52) favors a different scenario, in
which X(3872) is an admixture of charmonium and four-quark states. The necessity for such type of admixture was
anticipated in several studies, see for example Refs. [179, 187–189].
Besides the four-quark and mixed models, there are other theoretical descriptions, like, a cusp [190], a hybrid
structure [191, 192], and a glueball, [193] that were also presented as alternative interpretations for the nature of
X(3872). The debate regarding the puzzling nature of the X(3872) is still not settled, although the molecule/tetraquark
and admixtures of charmonium and molecule scenarios are the most promising ones, being widely studied and tested
so far in several theoretical frameworks, including the QCDSR, which is the focus of this review.
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3.1. QCDSR calculations for X(3872)
The X(3872) state has been studied by various authors using the QCDSR technique. The first QCDSR calculations
using a tetraquark current were presented in Refs. [87, 88], where the mass and decay width were obtained. After-
wards, several other QCDSR calculations for the mass of X(3872) were done, considering different hypothesis for its
quark structure: a molecule [94, 194–196], a tetraquark [197, 198], a hybrid [199, 200], and a mixed hybrid-molecule
[201, 202]. In particular, in all works considering a four-quark structure, tetraquark or molecule, the mass obtained for
X(3872) is compatible with the experimental one, considering the uncertainties. Thus, from a QCDSR point of view,
the mass of tetraquark and molecule structures are indistinguishable and cannot be used as the sole test to determine
the state configuration. This finding is not surprising since the currents describing these two structures are related by a
Fierz transformation [7]. In Refs. [90, 99], the equivalence between the tetraquark and molecule results for the mass is
addressed, asserting the indistinguishability of both results. The only feature that could set apart the structures is that
in the molecular configuration a better Borel stability is obtained [90]. Regarding the hybrid structure, from the works
quoted above, the mass obtained from a QCDSR calculation for a state with JPC = 1++ is 5.13 GeV, which is much
bigger than the experimental mass, while the mixed hybrid-molecule provides compatible results. More recently, the
properties of X(3872) in a dense medium [203] were also studied in the QCDSR framework.
Most of the works quoted above do not address the decay width of the state, which can be crucial to determine
the structure of a state. The only work that deals with the decay properties of X(3872), considered as a pure four-
quark state, was done in Ref. [87]. In Ref. [87] it was shown that the decay width of the tetraquark state is too large
in comparison with the experimental decay width of the X(3872). A further attempt, using a mixed molecule and
charmonium currents, has been successful in explaining the mass, decay and production properties of the X(3872)
[96, 98, 101]. This possibility is also in agreement with the current radiative decay data.
In the remaining of this section, we review briefly the QCDSR studies of the X(3872) based on a four-quark
picture, a tetraquark or a molecular current, to conclude that a pure four-quark state is incompatible with the decay
properties of X(3872). Next, we present the QCDSR analysis considering an admixture of charmonium and DD¯∗
currents. We show that this kind of current can explain all the data, including those related with the X(3872) decay
processes. We also present the studies of the X(3872) radiative decay and of the X(3872) production in B decays,
providing the most complete and consistent QCDSR analysis of the X(3872) at the present.
3.2. QCDSR for pure four-quark structures
In Ref. [88], for the first time a tetraquark structure for X(3872) was tested in the framework of QCDSR. A
diquark-antidiquark current, previously proposed by Maiani et. al. [186] was used. The current was constructed for
the state with quantum numbers JPC = 1++ with a symmetric spin distribution [cq]S =1[c¯q¯]S =0 + [cq]S =0[c¯q¯]S =1, with
the corresponding interpolating current given by
jµ =
iabcdec√
2
[(qTa Cγ5cb)(q¯dγµCc¯
T
e ) + (q
T
a Cγµcb)(q¯dγ5Cc¯
T
e )] , (53)
where a, b, c, ... are color indices, C is the charge conjugation matrix and q denotes a u or d quark.
3.2.1. Two-point correlation function
The SR for the mass of the state is obtained from the two-point correlation function:
Πµν(q) = i
∫
d4x eiq.x〈0|T [ j(q)µ (x) j(q)†ν (0)]|0〉
= −Π1(q2)
(
gµν − qµqνq2
)
+ Π0(q2)
qµqν
q2
, (54)
The non-conservation of the axial-vector current implies that the two functions Π1 and Π0 (with spin 1 and 0, respec-
tively) are independent.
The phenomenological side of the sum rule, computed by inserting intermediate states for X, is given by
Π
phen
µν (q2) =
2 f 2X M
8
X
M2X − q2
−gµν + qµqν
M2X
 (55)
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Figure 6: (a) The OPE convergence in the region 1.6 ≤ M2 ≤ 2.8 GeV2 for √s0 = 4.17 GeV. Starting with the perturbative contribution (plus a
very small mq contribution). Each subsequent line represents the addition of the contribution associated with the next condensate in the expansion.
(b) The dashed line shows the relative pole contribution (i.e., the pole contribution divided by the total, pole plus continuum, contribution) and the
solid line shows the relative continuum contribution. Figures taken from Ref. [88].
where the decay constant fX is used to parametrize the coupling of the axial-vector meson 1++ to the current jµ as
〈0| jµ|X〉 =
√
2 fX M4Xµ. (56)
As discussed in Sec. 2.2, in the OPE side, the correlation function Π1 is given by a dispersion relation:
ΠOPE1 (q
2) =
∫ ∞
4m2c
ds
ρOPE(s)
s − q2 =
1
pi
∫ ∞
4m2c
ds
Im[ΠOPE1 (s)]
s − q2 . (57)
The matching of both sides of the sum rule is done by applying a Borel transform on both sides. After transferring
the continuum contribution to the OPE side, the sum rule up to dimension-eight condensates, is written as
2 f 2X M
8
Xe
−M2X/M2 =
∫ s0
4m2c
ds e−s/M
2
ρ(s) + Πmix〈q¯q〉1 (M
2) (58)
with
ρ(s) = ρpert(s) + ρmq (s) + ρ〈q¯q〉(s) + ρ〈G
2〉(s) + ρmix(s) + ρ〈q¯q〉
2
(s) , (59)
and the function Πmix〈q¯q〉1 (M
2) is a part of the dimension-eight condensate that does not depend on s.
The convergence of the OPE and the comparison between the pole and continuum contribution are shown in
Figs. 6(a) and 6(b). The lower limit of the Borel window is determined from the convergence of the OPE for higher
values of M2, and the upper limit from the constraint that the pole contribution must dominate over the continuum
contribution. This procedure leads to the following Borel window: 2.0 ≤ M2 ≤ 2.2 GeV2.
The mass of the X state as a function of the Borel mass M2 is presented in Fig. 7, showing that the sum rule
is stable within the Borel mass window. The result for the mass MX , taking into account the uncertainties of the
parameters and within the range of the Borel mass, is
MX = (3.92 ± 0.13) GeV , (60)
a value compatible with the experimental data on X(3872).
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Figure 7: The X meson mass as a function of the Borel mass M2 for different values of the continuum threshold:
√
s0 = 41 GeV (solid line) and√
s0 = 4.2 GeV (dashed line). The arrows indicate the region allowed for the sum rules: the lower limit (cut below 2.0 GeV2) is given by the OPE
convergence requirement and the upper limit by the dominance of the QCD pole contribution. Figures taken from Ref. [88].
The above results were obtained using the tetraquark current in Eq. (53), although other four-quark operators with
1++ quantum numbers are possible. For example, a different tetraquark current with JPC = 1++ can be constructed by
combining the pseudoscalar 0− and vector 1− diquarks, instead of the scalar 0+ and isovector 1+ diquarks, as done in
Eq. (53). Equivalently, other operators can be constructed with meson type currents. The number of currents increases
further if one allows for additional color states; color sextet for the diquark and color octet for the molecular states.
An extensive study has been carried out for X(3872) in Ref. [99]. As shown in Ref. [99, 102], the choice of the current
does not matter much for the determination of the mass of the state, provided that one can work with quantities less
affected by radiative corrections and where the OPE converges quite well. Besides the current in the 3¯ − 3 color
configuration in Eq. (53), the other currents considered were:
a diquark-antidiquark in the color sextet (6¯ − 6) configuration,
jµ6 =
i√
2
[(qTa Cγ5λ
S
abcb)(q¯dγ
µCλSdec¯
T
e ) + (q
T
a Cγ
µλSabcb)(q¯dγ5Cλ
S
dec¯
T
e )] , (61)
where λS stands for the six symmetric Gell-Mann matrices: λS = (λ0, λ1, λ3, λ4, λ6, λ8); a D∗−D molecular current,
j(mol)µ (x) =
1√
2
[ (
q¯a(x)γ5ca(x)c¯b(x)γµqb(x)
)
−
(
q¯a(x)γµca(x)c¯b(x)γ5qb(x)
) ]
; (62)
and a λ − J/ψ-like molecular current,
jµλ =
[
(c¯λaγµc)(γq¯λaγ5q)
]
, (63)
where λa is the color matrix.
In particular, it was shown that the three substructure assignments for the X-meson (3¯−3 and 6¯−6 tetraquarks and
D−D(∗) molecule) lead to (almost) the same mass predictions within the accuracy of the approach. Therefore, a priori,
a study of the X-mass alone cannot reveal its nature and identify if it is mainly composed of these substructures. On
the other hand, the analysis of the λ− J/ψ-like molecular current in Eq. (63) showed that a lower mass as compared to
the previous configurations can be obtained, with the ratio between the masses obtained with the currents in Eqs. (63)
and (53) being 0.96 ± 0.03.
From the analysis of all these currents, it was found that the distance between the continuum threshold (about 4
GeV) and the resonance mass is relatively small, which indicates that the separation between the resonance and the
continuum may be difficult to achieve.
23
The molecular DD¯∗ current in Eq. (62), together with the tetraquark current, Eq. (53), were also used in Ref. [90]
to study the importance of including the width of the state, in a QCDSR calculation. This can be done by replacing
the delta function in Eq. (12) by the relativistic Breit-Wigner function:
δ(s − m2)→ 1
pi
Γ
√
s
(s − m2)2 + sΓ2 . (64)
The mass and width were determined by looking at the stability of the mass results against the varying Borel parameter
M2, as usual.
Although the effect of the width was not found to be large, it was possible to fit the experimental mass, 3872 MeV,
and the width, Γ < 1.2 MeV, simultaneously for both currents. However, the molecular current, Eq. (62), gave a better
stability as compared with the tetraquark current of Eq. (53).
3.2.2. Three-point correlation function
As discussed in the previous subsection, the mass of the X(3872) can be well reproduced from QCDSR calcula-
tions for a variety of four-quark structures. However, it is important to test if these currents can also explain other
properties of the state, like, the decay widths.
With such a motivation, in Ref. [87], the tetraquark current of Eq. (53) was tested, within the QCDSR approach, to
the calculation the decay width for the isospin violating channels, X(3872) → J/ψpi+pi− and X(3872) → J/ψpi+pi−pi0.
It was shown in Ref. [87], that the ratio between these decays can be obtained from
Γ(X → J/ψ pi+pi−pi0)
Γ(X → J/ψ pi+pi−) = 0.118
(
gXψω
gXψρ
)2
, (65)
where the coupling constants gXψV , with V = ω, ρ, can be evaluated from the study of the vertex XψV in QCDSR,
through the three point correlation function:
ΠVµνα(p, p
′, q) =
∫
d4xd4y eip
′.x eiq.yΠVµνα(x, y), (66)
with
ΠVµνα(x, y) = 〈0|T [ jψµ (x) jVν (y) jXα †(0)]|0〉, (67)
where p = p′ + q, and the interpolating fields are given by:
jψµ = c¯aγµca,
jρν =
1
2
(u¯aγνua − d¯aγνda),
jων =
1
6
(u¯aγνua + d¯aγνda). (68)
To be able to reproduce the experimental data, as was shown in Ref. [87], it is necessary to take the current for the X
state as a mixture
jXµ = cosα j
(u)
µ + sinα j
(d)
µ , (69)
where j(u)µ and j
(d)
µ are tetraquark currents given by Eq. (53) with q = u, d.
Considering the light quarks as degenerated, we have:
Π
ρ
µνα(x, y) =
−i
2
√
2
(cosα − sinα) Πqµνα(x, y),
Πωµνα(x, y) =
−i
6
√
2
(cosα + sinα) Πqµνα(x, y), (70)
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On the phenomenological side, the intermediate states of the three mesons are inserted in the vertex, and the
following definitions are applied:
〈0| jψµ |J/ψ(p′)〉 = mψ fψµ(p′),
〈0| jVν |V(q)〉 = mV fVν(q),
〈X(p)| jXα |0〉 = λX∗α(p), (71)
〈J/ψ(p′)V(q)|X(p)〉 = gXψVσαµνpσα(p)∗µ(p′)∗ν (q), (72)
where λX = (cosα+ sinα)λq (with the coupling between the current and the meson as λq =
√
2 fX M4X , from Eq. (56)).
The coupling constant gXψV is extracted from the effective Lagrangian that describes the coupling between two vector
mesons and one axial vector meson:
L = igXψVµνασ(∂µXν)ΨαVσ. (73)
The phenomenological side was, thus, computed in Ref. [87], as
Π
phen
µνα (p, p′, q) =
i(cosα + sinα)λqmψ fψmV fV gXψV
(p2 − m2X)(p′2 − m2ψ)(q2 − m2V )
×
(
− αµνσ(p′σ + qσ) − αµσγ
p′σqγqν
m2V
− ανσγ p
′
σqγp
′
µ
m2ψ
)
+ · · · ,(74)
The OPE side was computed with condensates up to dimension-five, written in terms of a dispersion relation for
each Dirac structure i:
ΠOPEi (M
2,Q2) =
∫ ∞
4m2c
ρOPEi (u,Q
2)e−u/M
2
du. (75)
There are four different Dirac structures contributing to the correlation function. We chose to work with the structures
that have more condensates contributing to the OPE. They are: αµνσqσ and ανσγp′σqγp′µ.
The sum rule for each structure was obtained by matching both sides, and performing a single Borel transformation
to P2 = P′2 → M2. Transferring the pure continuum contribution to the OPE side, the general expression for the sum
rule for each structure, i = 1, 2, was obtained:
CXVi (Q
2)
(
e−m
2
ψ/M
2 − e−m2X/M2
)
+ Bie−s0/M
2
= −i Q
2 + m2V
2
√
2
ΠOPEi (M
2,Q2), (76)
where, Bi takes into account the pole-continuum contribution, as discussed in Sec. 2.7.3, and
CXV1 (Q
2) =
fψ
mψ
λq
m2X − m2ψ
AXV (Q2)
CXV2 (Q
2) = fψmψ
λq
m2X − m2ψ
AXV (Q2) (77)
with
AXρ(Q2) = −mρ fρ cosα + sinαcosα − sinαgXψρ(Q
2)
AXω = 3mω fωgXψω(Q2). (78)
The OPE side of the sum rule in Eq. (76) determines a unique value for CXV for each structure, thus, the following
ratio between the form factors was found:
gXψω(Q2)
gXψρ(Q2)
=
mρ fρ
3mω fω
cosα + sinα
cosα − sinα. (79)
Using Eq. (79) into Eq. (65) we finally got
Γ(X → J/ψ pi+pi−pi0)
Γ(X → J/ψ pi+pi−) = 0.153
(
cosα + sinα
cosα − sinα
)2
. (80)
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The experimental value in Eq. (49) was used to determine the mixing angle: α ∼ 20◦ [87].
The decay width was finally computed using the coupling constant determined in Ref. [87]: gXψω = 13.8 ± 2.0,
leading to the following result for the partial width:
Γ(X → J/ψ (npi)) = (50 ± 15) MeV (81)
which is much bigger than the experimental lower limit for the total width Γ < 1.2 MeV. In Ref. [96] it was also
shown that a similar result is obtained for a molecule. Therefore, a pure four-quark state can not explain both mass
and width within the QCDSR framework.
3.3. Mixing of two- and four-quarks structure from QCDSR
In the QCDSR studies, the X(3872) mass is obtained in agreement with the experimental data in both, tetraquark
and molecular, pictures. However, the QCDSR results for the decay width were not found to be in agreement with
the available data. A new attempt to obtain both, mass and decay width, compatible with experiment was made in
Ref. [96], where X(3872) was considered to be a mixture of two- and four-quarks states. In particular, a mixing
between charmonium and molecular D¯∗D states was done at the level of the currents. This kind of mixture was
previously considered, in the QCDSR approach, in Ref. [204] for the light quark sector, and it was also implemented,
using QCD factorization, to study the X(3872) [188]. In order to keep consistency with the available data on the isospin
breaking decay modes, Eq.(49), a further mixing was found to be necessary. Therefore, X(3872) was considered to
be a mixing between charmonium, (D∗0D¯0 − D¯∗0D0) and (D∗+D¯− − D¯∗−D+) states. In the next subsections we discuss
the calculations of the mass, decay widths and the B meson production channel of X(3872) in the QCDSR approach.
3.3.1. Two-point correlation function
The interpolating current, in Ref. [96], for the two-quarks and four-quarks mixed states has a two-quark conven-
tional charmonium axial current part:
j′(2)µ (x) = c¯a(x)γµγ5ca(x), (82)
and a four-quark part given by a D0D¯∗0 molecular current:
j(4q)µ (x) =
1√
2
[ (
q¯a(x)γ5ca(x)c¯b(x)γµqb(x)
)
−
(
q¯a(x)γµca(x)c¯b(x)γ5qb(x)
) ]
. (83)
Since these two currents have different dimensions, we follow Ref. [204] and to write the two-quark part of the current
as:
j(2q)µ =
1
6
√
2
〈q¯q〉 j′(2)µ . (84)
The mixing of the two currents was considered as:
Jqµ(x) = sin(θ) j
(4q)
µ (x) + cos(θ) j
(2q)
µ (x). (85)
The two-point correlation function in Ref. [96] was obtained, as usual, by inserting the corresponding current (Eq. (85))
in the two-point correlation function, to get
Πµν(q) =
( 〈q¯q〉
6
√
2
)2
cos2(θ) Π(2,2)µν (q) +
〈q¯q〉
6
√
2
(sin(2θ)) Π(2,4)µν (q) + sin
2(θ) Π(4,4)µν (q), (86)
with
Π
(i, j)
µν (q) = i
∫
d4x eiq.x〈0|T [ j(i)µ (x) j( j)†ν (0)]|0〉. (87)
The phenomenological side was obtained by parametrizing the hadron-current coupling in terms of a single pa-
rameter λq:
〈0|Jqµ |X〉 = λqµ , (88)
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Figure 8: Figures showing the OPE convergence for the correlation function (left) and the pole-continuum dominance (right). Taken from [96]
and by inserting intermediate states in the correlation function, giving
Π
phen
µν (q) =
(λq)2
m2X − q2
−gµν + qµqν
m2X
 + · · · , (89)
where the chosen Lorentz structure projects out the 1++ state. The dots denote higher mass axial-vector resonances.
The QCDSR was obtained by applying the Borel transformation on both sides, and transferring the continuum
contribution to the OPE side:
(λq)2e−m
2
X/M
2
=
( 〈q¯q〉
6
√
2
)2
cos2(θ) Π(2,2)1 (M
2) +
〈q¯q〉
6
√
2
(sin(2θ)) Π(2,4)1 (M
2) + sin2(θ) Π(4,4)1 (M
2). (90)
In Ref. [96] the functions Πi, j(q) were computed in leading order in αs up to the dimension-eight condensates. In
Figs. 8(a) and 8(b), we show the results for the OPE convergence and for the pole-continuum contributions as obtained
in Ref. [96]. These results were obtained using
√
s0 = 4.4 GeV and θ = 9◦. From Fig. 8(a) we see that there is a
good OPE convergence for values of M2 ≥ 2.6 GeV2. The upper limit for the Borel mass is determined from the
pole-continuum analysis, fixing the Borel window as:
2.6 GeV2 ≤ M2 ≤ 3.0 GeV2, (91)
The result from the QCDSR for the X(3872) mass is presented in Fig. 9, showing a good stability within the Borel
window. It was found that there is no problem in reproducing the experimental mass of X(3872) with the mixed
current for a large range of the mixing angle θ. Considering θ in the region 5◦ ≤ θ ≤ 13◦ one gets [96]:
mX = (3.77 ± 0.18) GeV, (92)
which is in good agreement with the experimental data. The value of the meson-current coupling parameter, λq, was
also obtained:
λq = (3.6 ± 0.9).10−3 GeV5. (93)
3.3.2. Three-point correlation function: X(3872)→ J/ψ(npi) decay
As discussed earlier, to be able to explain the ratio between the decay rates in Eq. (49) one needs to consider also
a mixture between the D+D∗− and D−D∗+ components. Therefore, the most general current is given by
jXµ (x) = cosαJ
u
µ(x) + sinαJ
d
µ(x), (94)
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Figure 9: The X meson mass as a function of the sum rule parameter (M2) within the Borel window range, for different values of the continuum
threshold s0. Taken from [96].
with Juµ(x) and J
d
µ(x) given by Eq.(85). The interpolating fields for the other mesons in the vertex are given by
Eqs. (68). The three point function for the vertex X(3872)J/ψV is obtained inserting the currents (Eq. (94) and (68))
into the three-point function of Eq. (227). Taking the quarks u and d as degenerated, one arrives at Eqs. (70) multiplied
by sin θ, showing that it is only the four-quark part of the current in Eq. (85) that contributes to these decays.
The phenomenological side of the sum rule is given by Eq. (74). As discussed in Sec. 3.2.2, the mixing angle α
is determined in order to reproduce the experimental ratio in Eq. (49): α = 20◦. This is the same result obtained in
Refs. [87, 186]. In Ref. [96] the OPE side was evaluated up to dimension five at leading order in αs. Taking the limit
p2 = p′2 = −P2 and doing a single Borel transform to P2 → M2, we get in the structure ανσγp′σqγp′µ
C(Q2)
(
e−m
2
ψ/M
2 − e−m2X/M2
)
+ B e−s0/M
2
= (Q2 + m2ω)Π
OPE(M2,Q2), (95)
where
C(Q2) =
6
sin(θ)
mω fω
fψλq
mψ(m2X − m2ψ)
gXψω(Q2), (96)
and B gives the pole-continuum transitions contribution (see Sec. 2.7.3). s0 and u0 are the continuum thresholds for X
and J/ψ respectively.
In Fig. 10(a) we show the function C(Q2), obtained from Eq. (95), as a function of M2 and Q2. As can be seen
from this figure, in the region 3.0 ≤ M2 ≤ 3.5 GeV2 C(Q2) is a very stable function of M2. Therefore, we choose
this Borel window to extract C(Q2), as it is shown by the dots in Fig. 10(b). The QCDSR results for C(Q2) was fitted
using a monopole parametrization:
C(Q2) =
2.5 × 10−2 GeV7
Q2 + 38 GeV2
, (97)
as shown by the solid line in Fig. 10(b). The form factor gXψω(Q2) can be obtained by using Eqs. (96) and (97). The
constant coupling was calculated by extrapolating the form factor at the meson pole Q2 = −m2ω as
gXψω = gXψω(−m2ω) = 5.4 ± 2.4, (98)
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where the value 5◦ ≤ θ ≤ 13◦ was used for the mixing angle. The decay width was determined to be:
Γ
(
X → J/ψpi+pi−pi0
)
= (9.3 ± 6.9) MeV, (99)
which is in agreement with the experimental upper limit. Since the QCDSR results for the width and the mass grow
with the mixing angle θ, there is only a small range for the values of this angle that can provide simultaneously good
agreement with the experimental values of the mass and the decay width, and this range is 5◦ ≤ θ ≤ 13◦.
3.3.3. X(3872)→ γJ/ψ radiative decay
Since it is possible to explain both, the mass and the total width of the X(3872), using a mixed charmonium-
molecular current in a QCDSR calculation, in Ref. [98] the authors used the same current to study the vertex of the
radiative decay mode X(3872) → γJ/ψ. The calculation was done using the same previously determined mixing
angles: α = 20◦ and θ = (9 ± 4)◦ for the mixings in Eqs. (94) and (85) respectively. To study the X(3872) radiative
decay one considers the three-point function:
Πµνα(p, p′, q) =
∫
d4xd4y eip
′.x eiq.y〈0|T [ jψµ (x) jγν(y) jXα †(0)]|0〉, (100)
where the J/ψ current is given in Eq. (68) and the electromagnetic current is given by:
jγν =
∑
q=u,d,c
eq q¯γνq , eu,c = +
2
3
, ed = −13 . (101)
Parameterizing the coupling of the currents with the states as:
〈0| jψµ |ψ(p′)〉 = mψ fψµ(p′) ;
〈X(p)| jXα |0〉 = (cosα + sinα)λq∗α(p) ,
〈ψ(p′)| jγν(q)|X(p)〉 = i γν (q)M(X(p)→ γ(q)J/ψ(p′)) , (102)
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the phenomenological side is then given by [98]:
Π
phen
µνα (p, p′, q) =
ie(cosα + sinα)λqmψ fψ
m2X(p
2 − m2X)(p′2 − mψ)
(
αµνσqσ p · qA + µνλσp′λqσqαB − ανλσqµqσp′λC
+ ανλσp′λp
′
µqσ(C − A)
p · q
m2ψ
− µνλσp′λqσ(qα + p′α)(A + B)
p · q
m2X
)
. (103)
In deriving Eq. (103) we used the decay amplitude,M(X(p)→ γ(q)J/ψ(p′)), given in Ref. [205]:
M(X(p)→ γ(q)J/ψ(p′)) = e εκλρσαX(p)µψ(p′)ργ (q)
qσ
m2X
(
A gµλgακp · q + Bgµλpκqα + Cgακpλqµ
)
. (104)
Notice that there are three dimensionless couplings, A, B and C, to be determined by the QCDSR. There are five in-
dependent Lorentz structures in Eq. (103). The authors in Ref. [98] worked with the structures: αµνσqσ, µνσλp′σp′αqλ
and ανλσp′λqσqµ, to determine the couplings A, A + B, and C respectively.
The OPE side is defined considering degenerated quarks u and d, i.e., mu = md and 〈u¯u〉 = 〈d¯d〉 = 〈q¯q〉. Using the
mixed current, Eq. (94), in Eq. (100), we arrive at:
Πµνα(x, y) =
sin θ
3
(2 cosα − sinα)Πmolµνα(x, y) +
〈q¯q〉
6
√
2
cos θ(cosα + sinα)Πcc¯µνα(x, y) . (105)
where the charmonium and molecule terms are written as:
Πcc¯µνα(x, y) = 〈0|T [ jψµ (x) jγν(y) j
′(2)
α
†
(0)]|0〉, (106)
Πmolµνα(x, y) = 〈0|T [ jψµ (x) jγν(y) j(4q)α
†
(0)]|0〉, (107)
with j
′(2)
α and j
(4q)
α given by Eqs. (82) and (83) respectively. In Ref. [98] the OPE side was evaluated in leading order
in αs up to dimension-five condensates.
Doing a single Borel transform to P2 → M2, in the limit p2 = p′2 = −P2, one gets for each structure i:
Gi(Q2)
(
e−m
2
ψ/M
2 − e−m2X/M2
)
+ Bi(Q2) e−s0/M
2
= Π¯OPEi (M
2,Q2), (108)
where Q2 = −q2 and Bi(Q2) is the pole-continuum transitions contribution (see Sec. 2.7.3). Gi(Q2) is related to the
three form factors:
G1(Q2) =
3
√
2pi2(cosα + sinα)λqmψ fψ
m2X(m
2
X − m2ψ)
A(Q2)
G2(Q2) =
3224
√
2pi2(cosα + sinα)λqmψ fψ(A(Q2) + B(Q2))
sin θ(2 cosα − sinα)m4X(m2X − m2ψ)
G3(Q2) =
6
√
2pi2λqmψ fψ
cos θm2X(m
2
X − m2ψ)
C(Q2) (109)
The unknown functions Gi and Bi in the LHS of Eq. (108) are determined by fitting both sides of the sum rule.
These functions should not depend on the Borel parameter M2. Therefore, the Borel region is fixed by imposing that
these functions are stable as a function of M2. Fig. 11 shows the QCDSR results for the Gi’s as functions of Q2 and
M2. From these figures it is possible to determine the corresponding Borel region for each one of these functions:
7.0 GeV2 ≤ M2 ≤ 8.5 GeV2 for G1(Q2), 6.5 GeV2 ≤ M2 ≤ 7.5 GeV2 for G2(Q2), and 8.0 GeV2 ≤ M2 ≤ 9.0 GeV2 for
G3(Q2). The QCDSR results for the three form factors are shown in Fig. 12.
The Q2-dependence for all the three form factors can be fitted by using an exponential parametrization:
Gi(Q2) = g1e−g2Q
2
, (110)
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Figure 11: Values of the functions obtained by varying both Q2 and M2: a) G1(Q2), b) G2(Q2) and c) G3(Q2). Taken from [98]
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Figure 12: Momentum dependence of the functions for s1/20 = 4.4 GeV and u
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parametrization of the QCDSR results (dots) through Eq. (110) and the results in Table 4. Taken from [98].
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G1 G2 G3
g1 0.056 GeV3 −0.0069 GeV −0.013 GeV3
g2 0.25 GeV−2 0.365 GeV−2 0.41 GeV−2
Table 4: Results for the fitting parameters in Eq. (110).
The fitted functions are also shown in Fig. 12 through the solid lines. The fitted parameters are given in the Table 4.
The results from Table 4 can be used to determine the form factors A(Q2), B(Q2) and C(Q2) written in terms of
the Gi(Q2) in Eqs. (109). The coupling constants are obtained from the form factors at Q2 = 0. The couplings are:
A = A(Q2 = 0) = 18.65 ± 0.94 ;
A + B = (A + B)(Q2 = 0) = −0.24 ± 0.11 ;
C = C(Q2 = 0) = −0.843 ± 0.008 . (111)
The radiative decay width is obtained from these couplings through the expression [98]:
Γ(X → J/ψ γ) = αe
3
p∗5
m4X
(
(A + B)2 +
m2X
m2ψ
(A + C)2
)
,
where p∗ = (m2X − m2ψ)/(2mX) is the momentum of the photon in the rest frame, and αe = 1137 is the fine structure
constant. Using the previous result Γ(X → J/ψ pipi) = (9.3 ± 6.9) MeV, we get the ratio
Γ(X → J/ψ γ)
Γ(X → J/ψ pi+pi−) = 0.19 ± 0.13 , (112)
which is in excellent agreement with the experimental result in Eq. (51).
3.3.4. X(3872) production in B decays
The next application testing the mixed charmonium-molecule current, was done in Ref. [101], which is related
to the production of X(3872) in B meson decays, through the channel B± → K±X(3872). BaBar Collaboration has
reported the upper limit for the branching ratio of the X(3872) production in B meson decays as [206]:
B(B± → K±X(3872)) < 3.2 × 10−4. (113)
The B meson decay process occurs via weak decay of the b-quark, with the light quark as the spectator. In
effective theory, the Hamiltonian describing the weak interaction at the scale µ = mb  mW can be written in terms
of a four-quark interaction vertex with an effective four quark operator O2 = (c¯Γµc)(s¯Γµb), with a V − A structure
Γµ = γµ(1− γ5). The interaction can be factorized into two matrix elements, giving the following decay amplitude for
the process:
M = i GF√
2
VcbV∗cs
(
C2 +
C1
3
)
〈B(p)|JWµ |K(p′)〉〈X(q)|Jµ(c¯c)|0〉, (114)
where Vik are CKM matrix elements, C1(µ) and C2(µ) are short distance Wilson coefficients computed at the renor-
malization scale µ ∼ O(mb), p = p′ + q, and the currents are
JWµ = s¯Γµb , J
(c¯c)
µ = c¯Γµc . (115)
Here X(3872), considered as a mixture of molecule and charmonium currents, interacts through the c¯c component of
the weak current.
The matrix elements in Eq. (114) are parametrized, in Ref. [101], as
〈X(q)|J(c¯c)µ |0〉 = λWµ(q) , (116)
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〈B(p)|JWµ |K(p′)〉 = f+(q2)(pµ + p′µ) + f−(q2)(pµ − p′µ) . (117)
The coupling between the current J(c¯c)µ and the X(3872) is provided by the parameter λW in Eq. (166). The form
factors, f±(q2), describe the weak transition process B→ K.
The decay width for the process B± → X(3872)K± is computed from
Γ(B→ XK) = 1
16pim3B
λ1/2(m2B,m
2
K ,m
2
X)|M|2, (118)
where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz, and the invariant amplitude squared can be obtained from Eq. (114):
|M|2 = G
2
F
2
|VcbVcs|2
(
C2 +
C1
3
)2
λ(m2B,m
2
K ,m
2
X)λ
2
W f
2
+ (q
2)|q2→−m2X . (119)
The unknown parameters, to be determined from the QCDSR approach, are the weak coupling, λW , and the value of
the form factor f+(q2) at the X(3872) pole.
The factorization of the amplitude allows the four-quark vertex to be analysed as two separated sub-processes: the
creation of X(3872) and the transition B → K, as in Eqs. (166) and (167). Let us start with the two-point correlator,
describing the coupling between the current J(c¯c)ν and X(3872):
ΠOPEµν (q) = (cosα + sinα)
(
sin θΠ4,2µν (q) +
〈q¯q〉
6
√
2
cos θΠ2,2µν (q)
)
, (120)
where
Π4,2µν (q) = i
∫
d4y eiq·y〈0|T {J4qµ (y)J(c¯c)ν (0)}|0〉
Π2,2µν (q) = i
∫
d4y eiq·y〈0|T {J2qµ (y)J(c¯c)ν (0)}|0〉 . (121)
The contribution from the vector part of the current J(c¯c)ν vanishes after the integration is performed, thus these cor-
relators are equal (except for a minus sign) to the ones calculated previously in Ref. [96] (sub-section 3.3.1) for the
two-point correlator of X(3872).
On the phenomenological side the correlator is determined inserting the intermediate state of X(3872):
Π
phen
µν (q) =
i
q2 − m2X
〈0|JXµ |X(q)〉〈X(q)|J(cc)ν |0〉 ,
=
iλXλW
Q2 + m2X
gµν − qµqν
m2X
 (122)
where we have used the definition in Eq. (166) and
〈0|JXµ |X(q)〉 = λXµ(q) . (123)
The parameter defining the coupling between the current JXµ and the X meson has been calculated in Ref. [96], and its
value is given in Eq. (93).
The QCDSR, in the structure gµν, obtained after the Borel transformation is:
λWλXe
− m
2
X
M2 = −(cosα + sinα)
(
sin θΠ4,2(M2) +
〈q¯q〉
6
√
2
cos θΠ2,2(M2)
)
. (124)
This expression is evaluated numerically to obtain the coupling parameter λW . To keep consistency through the
different analysis, the same parameters are used as before:
√
s0 = 4.4 GeV, 2.6 GeV2 ≤ M2 ≤ 3.0 GeV2, and the
mixing angles θ = (9 ± 4)◦, and α = 20◦.
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The result for the parameter λW , obtained within the given ranges of the Borel mass and the variation in the mixing
angle θ, is [101]:
λW = (1.29 ± 0.51) GeV2 . (125)
The three-point function describing the weak transition B→ K is written as:
Πµ(p, p′) =
∫
d4x d4y ei(p
′·x− p·y)〈0|T {JWµ (0)JK(x)J†B(y)}|0〉, (126)
where the weak current JWµ is defined in (115) and the interpolating currents of the B and K pseudoscalar mesons are:
JK(x) = i u¯a(x)γ5sa(x) , JB = i u¯a(x)γ5ba(x) . (127)
On the phenomenological side, the insertion of the intermediate B and K mesons gives
Π
phen
µ = −
fB fKm2Km
2
B
mb(ms + mu)
( f+(q2)(p + p′)µ + f−(q2)qµ)
(p2 − m2B)(p′2 − m2K)
,
(128)
where we have used Eq. (167) and the following definitions:
〈0|JK |K(p′)〉 = fK
m2K
ms + mu
, 〈0|JB|B(p)〉 = fB
m2B
mb
. (129)
After a double Borel transform is applied on both sides of the sum rule, P2 → M2 and P′2 → M′2, we get the sum
rule in the structure (pµ + p′µ):
− fB fKm
2
Km
2
B f+(Q
2)
mb(ms + mu)
e−
m2B
M2
− m
2
K
M′2 = ΠOPE(M2,M′2) (130)
In Ref. [101] the OPE side was evaluated at leading order in αs, considering condensates up to dimension-five and
terms linear in the s quark mass. The following ansatz, relating the Borel masses M2 and M′2, was applied in the
numerical analysis: M′2 = 0.64 GeV
2
m2B−m2b
M2.
The QCDSR results for the form factor f+ is plotted in Fig. 13(a) as a function of Q2 and M2, showing a good
stability for M2 > 20.0 GeV2. The obtained Q2 dependence of the form factor, in the Borel region 26 GeV2 ≤ M2 ≤
30 GeV2 (compatible with the B mass) is shown in Fig. 13(b).
Using a monopolar parametrization for the form factor, f+(Q2),:
f+(Q2) =
(17.55 ± 0.04) GeV2
(105.0 ± 1.76) GeV2 + Q2 , (131)
the QCDSR results in Eq. (130) can be well represented, as shown in Fig. 13(b). Using Eq. (131), the value of the
form factor at the X(3872) pole, Q2 = −m2X , is given by [101]:
f+(Q2 = −m2X) = 0.195 ± 0.003 . (132)
The decay width is determined using the value of the parameter λW obtained from the two-point sum rule calcu-
lation, Eq. (175), and the value of the form factor, f+, in Eq. (170). The branching ratio is obtained by dividing this
result by the total width of the B meson [22]: Γtot = ~/τB. It gives [101]:
B(B→ X(3872)K) = (1.00 ± 0.68) × 10−5 , (133)
This value for the branching ratio is smaller but compatible with the experimental upper limit in Eq. (113). Since
the factorization hypothesis was employed, this result suggests that non-factorizable contributions, that were not taken
into account in Ref. [101], can be significant. Therefore, the result in Eq. (133) should be taken as a lower limit for
the branching ratio.
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Figure 13: (a) QCDSR results for the form factor f+ as a function of Q2 and M2. (b) Momentum dependence of f+(Q2). The solid line gives the
parametrization of the QCDSR results (dots) through Eq. (131). Taken from [101].
3.4. Summary for X(3872)
The mixed charmonium-molecule current proposed in Ref. [96] within the QCDSR framework, provides a consis-
tent description of various properties of X(3872) state that are neglected in most studies, which are usually concerned
only with the mass of the state. This type of mixed state is favored by the γψ(2S ) decay experimental data, as dis-
cussed previously. The consistency of such an approach is guaranteed by applying the same mixing parameters in
different analysis. The mixing angles α = 20◦ and θ = (9 ± 4)◦ were fixed in the first study of the mass and decay
width of the channel X(3872) → J/ψ(npi), and then applied to study the radiative decay X(3872) → γJ/ψ and the
production channel B→ K X(3872). Eq. (85) may suggest that the state is dominated by the charmonium component
((∼97%)), as was pointed out in the conclusions of Ref. [96]. However, this is not so straightforward, since the cc¯
component of the current is multiplied by a dimensional parameter and hence the percentage of each component is
not provided solely by the mixing angle. Despite being unable to determine the percentages of the charmonium and
molecule components, it is possible to establish that both components are mandatory, given that the properties of
X(3872) can not be properly explained with only one of the components.
4. Vector Charmonium Y States
Many of the charmonium-like states observed in the Initial State Radiation (ISR) process e+e− → J/ψ pi+pi− by
BaBar and Belle collaborations do not fit the quarkonia interpretation, and have stimulated an extensive discussion
about exotic hadron configurations. In particular, Y(4260), which was reported in Ref. [72] with a mass around
4.26 GeV/c2. This observation was immediately confirmed by CLEO-c [74] and Belle [53], and more recently by the
BESIII Collaboration [54]. Historically, the label Y was used for all states with IG(JPC) = 0−(1−−) quantum numbers
which were produced in e+e− annihilation. In this review we use the same label, though it is different from the recent
naming scheme of PDG [22].
The conventional neutral 1−− charmonium states in the mass range (3.8 to 5.0 GeV), such as ψ(4040), ψ(4160), and
ψ(4415) [22], decay predominantly into open charm final states (e.g., D mesons), while the Y states decay to hidden-
charm final states [207]. Furthermore, the observation of the states Y(4360) and Y(4660) in e+e− → ψ(2S ) pi+pi−
[59, 77–79], together with more resonant structures observed in e+e− → ω χc0 [68] and e+e− → hc pi+pi− [69],
overpopulate the vector charmonium spectrum predicted by potential models [208–210]. These facts indicate that the
neutral Y states may not be conventional charmonium states, and they are good candidates for new types of exotic
particles, such as hybrids, tetraquarks, or meson molecules [2, 3, 7, 8, 18, 20, 211].
The list of the most recent experimental results for the 1−− family is shown in Table 5. However, one has to be very
careful with the information collected from different experimental analysis. One example is the Y(4220) and Y(4260)
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states. Whether they are two different states (as considered in Ref. [22] and quoted in Table 5), or whether, as stated
in Ref. [71], the structure around 4260 MeV can be interpreted as a superposition of the two resonances observed in
Ref. [54], the so called Y(4220) and Y(4320), is still an open question. In the following we discuss these Y states.
Table 5: A list of the currently known neutral IG(JPC) = 0−(1−−) charmonium Y states. The current naming scheme used by PDG [22] is included
in the table. The quoted year is the year of the first observation in each channel.
MeV
State Name in PDG Decay channel Experiment Year
Y(4220) ψ(4230) Y(4220)→ χc0 ω BESIII [68] 2015
Y(4220)→ hc pi+pi− BESIII [69] 2017
Y(4220)→ ψ(2S ) pi+pi− BESIII [70] 2017
Y(4220)→ D0D∗ − pi+ BESIII [71] 2018
Y(4260) ψ(4260) Y(4260)→ J/ψ pi+pi− BaBar [72, 73]; CLEO-c [74]; Belle [44, 53] 2005
Y(4260)→ J/ψ pi0pi0 CLEO-c [75] 2006
Y(4260)→ J/ψ K+K− CLEO-c [75]; Belle [212, 213] 2006
Y(4260)→ J/ψ f0(980) BaBar [73] 2012
Y(4260)→ Zc(3900)± pi∓ Belle [44]; BESIII [43] 2013
Y(4260)→ J/ψ pi+pi− BESIII [54] 2017
Y(4360) ψ(4360) Y(4360)→ ψ(2S ) pi+pi− Belle [59, 79]; BaBar [77, 78]; BESIII [70] 2007
Y(4360)→ J/ψ pi+pi− BESIII [54] 2017
Y(4390) ψ(4390) Y(4390)→ hc pi+pi− BESIII [69] 2017
Y(4390)→ ψ(2S ) pi+pi− BESIII [70] 2017
Y(4660) ψ(4660) Y(4660)→ ψ(2S ) pi+pi− Belle [59, 79]; BaBar [78] 2007
Y(4660)→ Λ+c Λ−c BESIII [85] 2008
4.1. Y(4260)
The Y(4260) state is particularly interesting. It was first observed by the BaBar collaboration in the process
e+e− → J/ψ pi+pi− through ISR [72], and it was confirmed by CLEO-c [74] and Belle [53]. The Y(4260) was also
observed in the B− → Y(4260)K− → J/ψ pi+pi−K− decay [73], and CLEO-c reported two additional decay channels:
J/ψpi0pi0 and J/ψK+K− [75]. More recently, the BESIII collaboration has announced new precise measurements of
the e+ e− → J/ψ pi+pi− cross sections [54], reporting not only updated values for the mass and width of the Y(4260),
but also the presence of a second resonance in the J/ψ pi+pi− mass spectrum. The mass and width of the two observed
resonances are, respectively: (4222.0±3.1±1.4) MeV and (44.1±4.3±2.0) MeV for the first one and (4320.0±10.4±7)
MeV and (101.4+25.3−19.7 ± 10.2) MeV for the second one. Although in Ref. [54] it is stated that the mass and width of the
two observed resonances are in agreement with the those of Y(4260) and Y(4360) respectively, in Ref. [71] it is said
that the structure around 4260 MeV can be interpreted as a superposition of the two resonances observed in Ref. [54].
Since this discussion is not yet settled, here we will consider the Y(4260) as one unique state i.e., the lowest mass state
observed in [54].
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Since the mass of the Y(4260) is higher than the D(∗)D¯(∗) threshold, if it was a normal cc¯ charmonium state, it
would decay mainly to D(∗)D¯(∗). However, the observed Y state does not match the peaks in e+e− → D(∗)±D(∗)∓ cross
sections measured by Belle [214] and BaBar [215, 216]. Besides, the ψ(3S ), ψ(2D) and ψ(4S ) cc¯ states have been
assigned to the well established ψ(4040), ψ(4160), and ψ(4415) mesons respectively, and the prediction from quark
models for the ψ(3D) state is 4.52 GeV. Therefore, the mass of the Y(4260) is not consistent with any of the 1−− cc¯
states [3, 4, 7].
4.1.1. Theoretical explanations for Y(4260)
There are many theoretical interpretations for the Y(4260): tetraquark state [15], hadronic molecule of D1D or
D0D∗ [217, 218], χc1ω [219], χc1ρ [220], J/ψ f0(980) [221], a hybrid charmonium state [222], a charm baryonium
[223], a cusp [224–226], etc. Within the available experimental information, none of these suggestions can be com-
pletely ruled out. However, most of the QCDSR calculations can not explain the mass of the Y(4260) supposing it to
be a tetraquark state [92], or a D1D or D0D∗ hadronic molecule [92], or a J/ψ f0(980) molecular state [103]. There is
only one exception where the mass of the Y(4260) can be explained as a tetraquark state in a QCDSR calculation [227].
In the next subsections we will show that it is possible to explain not only the mass, but also the decay width of the
Y4260), in a QCDSR calculation, if one uses a mixture of a J/ψ and a [cqc¯q¯] tetraquark currents [105], in the same
way as discussed in Sec.3.3 for the X(3872).
4.1.2. QCDSR calculations for the Y(4260) mass
In Ref. [105] the Y(4260) was considered as a mixed charmonium-tetraquark state and the QCDSR method was
used to study both its mass and decay width. For the charmonium part, the conventional vector current was used:
j
′(2)
µ = c¯a(x)γµca(x), (134)
while the tetraquark part is implemented as [92]:
j(4)µ =
abcdec√
2
[(
qTa (x)Cγ5cb(x)
) (
q¯d(x)γµγ5Cc¯Te (x)
)
+
(
qTa (x)Cγ5γµcb(x)
) (
q¯d(x)γ5Cc¯Te (x)
)]
. (135)
As in Refs. [96, 204], we define the normalized two-quark current as
j(2)µ =
1√
2
〈q¯q〉 j′(2)µ , (136)
and from these two currents we build the mixed charmonium-tetraquark JPC = 1−− current for the Y(4260) state:
jµ(x) = sin(θ) j(4)µ (x) + cos(θ) j
(2)
µ (x). (137)
As usual, the phenomenological side is evaluated by inserting, in the two-point correlator, a complete set of interme-
diate states with 1−− quantum numbers. In such a case, the coupling of the vector state Y to the current in Eq. (137) is
parametrized through the coupling parameter λY :
〈0| jµ(x)|Y〉 = λYµ, (138)
where µ is the polarization vector of Y(4260). Using Eq. (138), we can write the phenomenological side as
Π
phen
µν (q) =
λ2Y
m2Y − q2
(
gµν − qµqνq2
)
+ . . . (139)
where mY is the mass of the Y state and the dots, in the second term in the RHS of Eq. (139), denotes the higher
resonance contributions which will be parametrized, as usual, through the introduction of the continuum threshold
parameter s0 [128]. In the OPE side, we work at leading order in αs in the operators and we consider the contributions
from the condensates up to dimension eight. Although we consider only a part of the dimension 8 condensates (related
to the quark condensate times the mixed condensate), in Ref. [100] it was shown that this is the most important
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dimension 8 condensate contribution. Considering the current in Eq. (137), the correlator in the OPE side can be
written as
Πµν(q) =
1
2
〈q¯q〉2 cos2 θ Π22µν(q) + sin2 θ Π44µν(q) +
1√
2
〈q¯q〉 sin θ cos θ
[
Π24µν(q) + Π
42
µν(q)
]
, (140)
with
Π
i j
µν(q) = i
∫
d4x eiq·x〈0|T [ jiµ(x) j j†ν (0)]|0〉. (141)
In this way, Π22µν(q) and Π
44
µν(q) are the correlation functions of the J/ψ meson and [cqc¯q¯] tetraquark state, respectively.
After making a Borel transform on both sides of the sum rule, and transferring the continuum contributions to the
OPE side, the sum rule, in the gµν structure, can be written as:
λ2Y e
−m2Y/M2 =
1
2
〈q¯q〉2 cos2 θ Π22(M2) + sin2 θ Π44(M2) + 1√
2
〈q¯q〉 sin θ cos θ
[
Π24(M2) + Π42(M2)
]
. (142)
The expressions for the invariant functions, Πi j(M2), in Eq. (142) are given in Ref. [105]. In Fig. 14a, we plot the
relative contributions of all the terms in the OPE side. We have used
√
s0 = 4.70 GeV and θ = 53◦. For others
θ values outside the range 52.5◦ ≤ θ ≤ 53.5◦, we do not have a good OPE convergence. From this figure we
see that the contribution of the dimension-8 condensates is smaller than 15% of the total contribution for values of
M2 ≥ 2.40 GeV2, indicating a good OPE convergence. Therefore, we fix the lower value of M2 in the sum rule
window as: M2min = 2.40 GeV
2. In Fig. 14b, we show a comparison between the pole and continuum contributions.
It is clear that the pole contribution is equal to the continuum contribution for M2 = 2.90 GeV2. Therefore, for√
s0 = 4.70 GeV2 and θ = 53◦ the Borel window is: 2.40 ≤ M2 ≤ 2.90 GeV2. The ground state mass is shown,
as a function of M2, in Fig. 14c. From this figure we see that there is a very good Borel stability in the determined
Borel window, which is represented as crosses in Fig. 14c. Varying the value of the continuum threshold in the range√
s0 = 4.70 ± 0.10 GeV, the mixing angle in the range θ = (53.0 ± 0.5)◦, and the other parameters as indicated in
Table 2, the mass obtained in Ref. [105] is:
mY = (4.26 ± 0.13) GeV, (143)
which is in excellent agreement with the experimental Y(4260) mass. Once the mass is determined, its value can be
used in Eq. (142) to estimate the meson-current coupling parameter, defined in Eq. (138). Using the same values of
s0, θ and Borel window one gets [105]:
λY = (2.00 ± 0.23) × 10−2 GeV5. (144)
4.1.3. Y(4260)→ J/ψpipi decay width
To estimate the decay width of the process Y(4260)→ J/ψ pi+pi−, it was assumed in Ref. [105] that the two pions
in the final state come from the σ meson. The coupling constant, associated with the vertex Y J/ψσ, is evaluated using
the three-point correlator
Πµν(p, p′, q) =
∫
d4x d4y eip
′·x eiq·y 〈0|T { jψµ (x) jσ(y) jY†ν (0)}|0〉. (145)
with p = p′ + q. The interpolating fields appearing in Eq. (145) are the currents for J/ψ, σ and Y(4260), respectively.
The currents for J/ψ and Y(4260) are defined by Eqs. (134) and (137). For the σ meson, we have
jσ =
1√
2
(
u¯a(x)ua(x) + d¯a(x)da(x)
)
. (146)
In order to evaluate the phenomenological side of the three-point correlator we insert, in Eq. (145), intermediate states
for Y , J/ψ and σ. Using the definitions:
〈0| jψµ |J/ψ(p′)〉 = mψ fψµ(p′),
〈0| jσ |σ(q)〉 = Aσ, (147)
〈Y(p)| jYν |0〉 = λY∗ν (p),
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Figure 14: Sum rule calculation for the Y(4260) state. a) The OPE convergence in the region 2.0 ≤ M2B ≤ 6.0 GeV2 for
√
s0 = 4.70 GeV. We
plot the relative contributions, starting with the perturbative contribution (line with circles), and the other lines represent the relative contribution
after adding the next term in the expansion: +〈q¯q〉 (dot-dashed line), +〈g2sG2〉 (long-dashed line), +〈q¯Gq〉 (dotted line), +〈q¯q〉2 (dashed line) and
〈q¯q〉〈q¯Gq〉 (solid line). b) The pole contribution (solid line) and the continuum contribution (dotted line), for √s0 = 4.70 GeV. c) The mass as a
function of the sum rule parameter M2B for
√
s0 = 4.60 GeV (dotted line),
√
s0 = 4.70 GeV (solid line),
√
s0 = 4.80 GeV (long-dashed line). The
crosses indicate the valid Borel window. Figures taken from Ref. [105].
we obtain the following relation:
Π
phen
µν (p, p′, q) =
λYmψ fψAσ gYψσ(q2)
(p2 − m2Y )(p′2 − m2ψ)(q2 − m2σ)
[
(p′ · p)gµν − p′νqµ − p′νp′µ
]
+ · · · , (148)
where the dots stand for the contribution of all possible excited states. The form factor, gYψσ(q2), is defined by the
generalization of the on-mass-shell matrix element, 〈J/ψ σ|Y〉, for an off-shell σ meson [105]:
〈J/ψ σ|Y〉 = gYψσ(q2)(p′ · p ∗(p′) · (p) − p′ · (p) p · ∗(p′)). (149)
In the OPE side, one works at leading order in αs and considers the condensates up to dimension five. In Ref. [105]
the authors have chosen to work with the p′νqµ structure, since it has more terms contributing to the OPE. Taking the
limit p2 = p′2 = −P2 and doing the Borel transform such as P2 → M2, one gets the following expression for the sum
rule in the structure p′νqµ:
λY Aσmψ fψ
(m2Y − m2ψ)
gYψσ(Q2)
(
e−m
2
ψ/M
2 − e−m2Y/M2
)
+ B(Q2) e−s0/M
2
= (Q2 + m2σ) Π
OPE(M2,Q2) (150)
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(a)
(b)
Figure 15: a) gYψσ(Q2) as a function of both Q2 and M2. b) QCDSR results for gYψσ(Q2), as a function of Q2, for
√
s0 = 4.76 GeV and M2 = 8
Gev2 (squares). The solid line gives the parametrization of the QCDSR results (see Eq. (152)). Figures taken from Ref. [105].
where Q2 = −q2, and B(Q2) gives the contribution to the pole-continuum transitions, as discussed in Sec. 2.7.3. The
correlator ΠOPE(M2,Q2) is given by [105]:
ΠOPE(M2,Q2) =
sin θ
3 · 24 √2pi2
1∫
0
dα e
−m2c
α(1−α)M2
[mc〈q¯Gq〉
Q2
(1 − 2α(1 − α)
α(1 − α)
)
− 〈g
2
sG
2〉
25pi4
]
. (151)
The sin θ in Eq. (151) indicates that only the tetraquark part of the current in Eq. (137) contributes to the OPE side.
In fact, the charmonium part of the current gives only disconnected diagrams that are discarded in the calculations. In
Eq. (150), the values of the mass and decay constant of J/ψ and σ mesons are: mψ = 3.1 GeV, fψ = 0.405 GeV [22],
and mσ = 0.478 GeV [228]. The parameters λY and Aσ represent, respectively, the coupling of the Y and σ states
to the currents defined in Eq. (138) and (147). The value of λY is given in Eq. (144), while Aσ was determined in
Ref. [229] and its value is Aσ = 0.197 GeV2. To obtain gYψσ(Q2) one uses Eq. (150) and its derivative, with respect to
M2, to eliminate B(Q2) from these equations. In Fig. 15a gYψσ(Q2) is shown as a function of both M2 and Q2. From
Fig. 15a we see that, in the region 7.0 ≤ M2 ≤ 10.0 GeV2, the form factor is very stable as a function of M2, for
all values of Q2. The squares in Fig. 15b show the Q2 dependence of gYψσ(Q2), obtained for M2 = 8.0 GeV2. For
other values of the Borel mass, in the range 7.0 ≤ M2 ≤ 10.0 GeV2, the results are equivalent. It is possible to fit the
QCDSR results for gYψσ(Q2) using a monopole form:
gYψσ(Q2) =
g1
g2 + Q2
, (152)
with
g1 = (0.58 ± 0.04) GeV; g2 = (4.71 ± 0.06) GeV2, (153)
as shown by the solid line in Fig. 15b. The coupling constant, gYψσ, is given by using Q2 = −m2σ in Eq. (152). Then
one gets [105]:
gYψσ = gYψσ(−m2σ) = (0.13 ± 0.01) GeV−1. (154)
The error in the coupling constant given above comes from variations in s0 in the range 4.6 ≤ s0 ≤ 4.8 GeV2, and in
the mixing angle 52.5◦ ≤ θ ≤ 53.5◦.
The decay width for the process Y(4260)→ J/ψσ→ J/ψpipi in the narrow width approximation is given by [105]:
dΓ
ds
(Y → J/ψ pipi) = |M|
2
8pi m2Y
m2Y − m2ψ + s2m2Y
 (Γσ(s) mσ2mYpi
) √λ(m2Y ,m2ψ, s)
(s − m2σ)2 + (mσΓσ(s))2
, (155)
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where λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc, and Γσ(s) is the s-dependent width of an off-shell σ meson [228]:
Γσ(s) = Γ0σ
√
λ(s,m2pi,m2pi)
λ(m2Y ,m
2
pi,m2pi)
m2Y
s
. (156)
Notice that Γ0σ in Eq. (156) is the experimental value for the decay of the σ meson into two pions. Its value is
Γ0σ = (0.324 ± 0.042 ± 0.021) GeV [228]. The squared invariant amplitude can be obtained from the matrix element
in Eq. (149):
|M|2 = g2Yψσ(s) f (mY ,mψ, s), (157)
where gYψσ(s) is the form factor in the vertex Y J/ψ σ, given in Eq. (152) using s = −Q2, and
f (mY ,mψ, s) =
1
3
(
m2Ym
2
ψ +
1
2
(m2Y + m
2
ψ − s)2
)
. (158)
Therefore, the decay width for the process Y(4260)→ J/ψpipi is given by
Γ =
mσ
32pi2m5Y
(mY−mψ)2∫
(2mpi)2
ds g2Yψσ(s) Γσ(s) (m
2
Y − m2ψ + s)
√
λ(m2Y ,m
2
ψ, s)
(
f (mY ,mψ, s)
(s − m2σ)2 + (mσΓσ(s))2
)
. (159)
Taking variations in s0 and θ in the same intervals given above, we obtain, from Eqs. (154)-(159), the following
value for the decay width [105]:
Γσ(Y → J/ψ pipi) = (1.0 ± 0.2) MeV. (160)
The decay channel Y(4260) → J/ψ pipi can also occur through the formation of f0(980) in the intermediate state.
Therefore, we have to determine also the coupling constant associated with the vertex Y → J/ψ f0(980). For this
purpose, we consider the f0(980) meson as a quark-antiquark state with a mixture of strange and light components. In
this case, the interpolating current for f0(980) is given by
j f0 = cos(α) s¯s +
1√
2
sin(α) (u¯u + d¯d) . (161)
Using Eq. (159) with the f0(980) meson parameters instead of the ones for σ, i.e., [22]: m f0 = (990 ± 20) MeV,
Γ0 f0 = (40 − 100) MeV and taking the variations 4.6 ≤ √s0 ≤ 4.8 GeV and 52.3◦ ≤ θ ≤ 53.5◦, we obtain:
Γ f0 (Y → J/ψ pipi) = (3.1 ± 0.2) MeV (162)
leading to the following decay width into this channel:
Γ(Y → J/ψ pipi) = (4.1 ± 0.6) MeV , (163)
which is consistent with the lower bound given in Ref. [8]: Γ(Y → J/ψ pipi) > 508 keV at 90% CL.
Assuming that the two pions in the final state of the decay Y → J/ψ pipi come only from the σ and f0(980) scalar
mesons intermediate states, we obtain a value for the width ΓY→J/ψ pipi ≈ (4.1 ± 0.6) MeV, which is much smaller than
the total experimental width: Γexp ≈ (55 ± 19) MeV [22]. This can be interpreted as an indication that the main
decay channel of the Y(4260) should be into two D mesons. The possibility that the main decay mode of the Y(4260)
is into two D mesons corroborates the interpretation that the Y(4260) consists of two resonances, as suggested in
Ref. [71]. If the main component of the Y(4260) is the lower mass resonance, that is called Y(4220), this component
indeed decays into pi+D0D∗− [71]. Therefore, we conclude that it is possible to explain the Y(4260) state as a mixed
charmonium-tetraquark state.
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4.1.4. Y(4260) production in B decays
The same mixed current between the J/ψ charmonium and a tetraquark state, proposed in Ref. [105], was used in
Ref. [112] to estimate the Y(4260) production in the process B− → Y(4260) K−. The experimental upper limit on the
branching fraction for such a production from B meson decay has been reported by the BaBar Collaboration [230],
with 95% C.L.:
BY <2.9 × 10−5 (164)
where BY ≡ B(B−→K−Y(4260),Y(4260)→ J/ψpi+pi−).
The process B→ Y(4260) K occurs via weak decay of the b quark, while the u quark is a spectator. The Y(4260)
state, as a mixed state of tetraquark and charmonium, interacts via the c¯c component of the weak current. As discussed
in Sec. 3.3.4, in an effective theory the Hamiltonian describing the weak interaction can be written in terms of a four-
quark interaction vertex with an effective four quark operatorO2 = (c¯Γµc)(s¯Γµb), with a V−A structure Γµ = γµ(1−γ5).
The interaction can be factorized into two matrix elements, giving the following decay amplitude for the process:
M = i GF√
2
VcbV∗cs
(
C2 +
C1
3
)
〈B(p)|JWµ |K(p′)〉〈Y(q)|Jµ(c¯c)|0〉, (165)
where p = p′ + q and JWµ , Jµ(c¯c) are given in Eq. (115). Following Ref. [101], the matrix elements in Eq. (165) are
parametrized as:
〈Y(q)|J(c¯c)µ |0〉 = λW∗µ(q) , (166)
and
〈B(p)|JWµ |K(p′)〉 = f+(q2)(pµ + p′µ) + f−(q2)(pµ − p′µ) . (167)
The parameter λW in Eq. (166) gives the coupling between the current J
(c¯c)
µ and the Y state. The form factors
f±(q2) describe the weak transition B → K. Hence we can see that the factorization of the matrix element describes
the decay as two separated sub-processes. The decay width for the process B− → Y(4260)K− is given by
Γ(B→ YK) = |M|
2
16pim3B
√
λ(m2B,m
2
K ,m
2
Y ), (168)
with λ(x, y, z) = x2 + y2 + z2 − 2xy− 2xz− 2yz. The squared invariant amplitude can be obtained from Eq. (165), using
Eqs. (166) and (167):
|M|2 = G
2
F
2m2Y
|VcbVcs|2
(
C2 +
C1
3
)2
λ(m2B,m
2
K ,m
2
Y )λ
2
W f
2
+ . (169)
The form factor f+(Q2) was determined in Sec. 3.3.4 and is given by Eq. (131):
f+(Q2) =
(17.55 ± 0.04) GeV2
(105.0 ± 1.8) GeV2 + Q2 .
For the decay width calculation, we need the value of the form factor at Q2 = −m2Y , where mY is the mass of the
Y(4260) meson. Using mY = (4251 ± 9) MeV [22] we get:
f+(Q2 = −m2Y ) = 0.206 ± 0.004 . (170)
The parameter λW can also be determined using the QCDSR approach for the two-point correlator as done in Sec. 3.3.4
Πµν(q) = i
∫
d4y eiq·y〈0| T [JYµ (y) J(c¯c)ν (0)] |0〉 , (171)
where the current J(c¯c)ν is defined in Eq. (115). For the Y(4260) state we consider the mixed charmonium-tetraquark
current given in Eq. (137). The mixing angle, θ, was determined in Ref. [105] to be: θ = (53.0 ± 0.5)◦.
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Figure 16: The coupling parameter λW as a function of M2 for different values of the continuum threshold. Figure taken from Ref. [112].
The phenomenological side of the SR is obtained by considering intermediate Y states:
Π
phen
µν (q) =
i
q2 − m2Y
〈0|JYµ |Y(q)〉 〈Y(q)|J(c¯c)ν |0〉 =
iλYλW
Q2 + m2Y
gµν − qµqν
m2Y
 (172)
where the definition in Eq. (166) was used and
〈0|JYµ |Y(q)〉 = λYµ(q) . (173)
The parameter λY , that defines the coupling between the current JYµ and the Y meson, was determined in Sec. 4.1.2:
λY = (2.00 ± 0.23) × 10−2 GeV5.
After performing the Borel transform in both sides of the sum rule one gets from the gµν structure:
λWλYe−m
2
Y/M
2
=
1√
2
sin θ Π4,2(M2) +
1√
2
〈q¯q〉 cos θ Π2,2(M2) (174)
where the invariant functions, Π2,2(M2) and Π4,2(M2), are given in Ref. [112]. The calculation of the coupling pa-
rameter λW was done using the same values for the masses and QCD condensates as in Ref. [105], values which are
listed in Table 2. To be consistent with the calculation of λY we also use the same region in the threshold parameter
s0 as in Ref. [105]:
√
s0 = (4.70 ± 0.10) GeV. As one can see in Fig. 16, the region of M2-stability is given by
(8.0 ≤ M2 ≤ 25.0) GeV2. Taking into account the variation in the Borel mass parameter, in the continuum threshold,
in the quark condensate, in the coupling constant λY and in the mixing angle θ, the result for the λW parameter is:
λW = (0.90 ± 0.32) GeV2 . (175)
The decay width in Eq. (168) can be evaluated using the values of f+(−M2Y ) and λW , determined in Eqs. (170)
and (175) respectively. The branching ratio is evaluated dividing the result by the total width of the B meson, Γtot =
4.280 × 10−4 eV [112]:
B(B→ Y(4260)K) = (1.34 ± 0.47) × 10−6 , (176)
where we have used the CKM parameters Vcs = 1.023, Vcb = 40.6 × 10−3 [22], and the Wilson coefficients C1(µ) =
1.082, C2(µ) = −0.185, computed at µ = mb and Λ¯MS = 225 MeV [231].
In order to compare the branching ratio in Eq. (176) with the branching fraction obtained experimentally in
Eq. (164), we use the results found in Ref. [105]:
B(Y(4260)→ J/ψ pi+pi−) = (4.3 ± 0.9) × 10−2 , (177)
and then, considering the uncertainties, we estimateBY >3.0×10−8. However, it is important to notice that the authors
in Ref. [105] have considered that the two pions in the final state come only from the intermediate σ and f0(980) states,
44
which could indicate that the result in Eq. (177) might be underestimated. In this sense, considering that the main
decay channel observed for the Y(4260) state is into J/ψ pi+pi−, we would naively expect that the branching ratio into
this channel could be B(Y(4260)→ J/ψ pi+pi−) ∼ 1.0, which leads to the result, BY <1.8× 10−6. Therefore, we obtain
an interval for the branching fraction
3.0 × 10−8 < BY < 1.8 × 10−6, (178)
which is in agreement with the experimental upper limit reported by Babar Collaboration given in Eq. (164). In general
the experimental evaluation of the branching fraction takes into account additional factors related to the number of
reconstructed events for the final state (J/ψpi+pi−K), for the reference process (B→ Y(4260) K), and for the respective
reconstruction efficiencies. However, since such information has not been provided in Ref. [230], these factors were
neglected in the calculation of the branching fraction BY . Therefore, the comparison of the result in Eq. (178) with
the experimental result could be affected by these differences.
Remember that the above result was obtained by considering the mixing angle in Eq. (137) in the range θ =
(53.0 ± 0.5)◦. Since there is no new free parameter analysis presented above, the result shown here strengthens the
interpretation of Y(4260) as a mixture between a J/ψ charmonium and a tetraquark state.
As discussed in Ref. [101], it is not simple to determine the charmonium and the tetraquark contribution to the
state described by the current in Eq. (137). From Eq. (137) one can see that, besides the sin θ, the cc¯ component of
the current is multiplied by a dimensional parameter, the quark condensate, in order to have the same dimension as
the tetraquark part of the current. Therefore, it is not clear that only the angle in Eq. (137) determines the percentage
of each component. One possible way to evaluate the importance of each part of the current is to analyze what one
would get for the production rate with each component, i.e., using θ = 0 and 90◦ in Eq. (137). Doing this we get
respectively for the pure tetraquark and pure charmonium:
B(B→ YtetraK) = (1.25 ± 0.23) × 10−6 , (179)
B(B→ Yc¯cK) = (1.14 ± 0.20) × 10−5 . (180)
Comparing the results for the pure states with the one for the mixed state in Eq. (176), we can see that the branching
ratio for the pure tetraquark is one order of magnitude smaller, while for the pure charmonium it is larger. From these
results we see that the cc¯ part of the state plays a very important role in the determination of the branching ratio. On
the other hand, in the decay Y → J/ψpi+pi−, the width obtained in our approach for a pure cc¯ state is [105]:
Γ(Yc¯c → J/ψpipi) = 0 , (181)
and, therefore, the tetraquark part of the state is the only one that contributes to this decay, playing an essential role
in the determination of this decay width. Therefore, although we can not determine the percentages of the cc¯ and the
tetraquark components in the Y(4260), we may say that both components are extremely important, and that, in our
approach, it is not possible to explain all the experimental data about the Y(4260) with only one component.
4.2. Remarks on Y(4220)
As discussed above, recently, the BESIII Collaboration has announced the precise measurement of the production
cross section for e+e− → J/ψ pi+pi− [54]. The results show two resonances with masses around 4220 MeV and 4320
MeV. The mass of the lower resonance is consistent with the prediction of the DD¯1(2420) molecular model [232] and
is also consistent with the Y(4260) mass [54]. Furthermore, a Y(4220) resonance has also been reported by the BESIII
collaboration in the cross-section measurements of e+e− → ωχc0 [68], e+e− → hcpi+pi− [69], e+e− → ψ(2S )pi+pi− [70],
and e+e− → pi+D0D∗ − [71]. It is important to notice that the cross section of e+e− → pi+D0D∗ − was first measured by
the Belle Collaboration using ISR events [233], with no evidence for the presence of charmonium-like states in this
channel. On the other hand, the results found by the BESIII Collaboration in Ref. [71] can be the first experimental
evidence for open-charm production associated with the Y states. The authors in Ref. [68] argue that the parameters
found for the Y(4220) are inconsistent with those obtained for the Y(4260) state. However the authors in Ref. [54]
found the parameters for the state with mass around 4220 MeV consistent with those for the Y(4260).
In the previous sections we have evaluated a sum rule with a mixed charmonium-tetraquark current to describe
the Y(4260) state. However, the uncertainty in the mass found in Eq. (143) shows that our result is also compatible
with the Y(4220) mass. Indeed, the quantum numbers are the same for the Y(4220) and Y(4260) states. As noted in
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Ref. [71], the measured cross section of e+e− → pi+D0D∗ − at the Y(4220) peak is higher than the sum of the known
hidden-charm channels. Since no other open-charm production associated with this Y state has yet been reported, the
pi+D0D∗ − final state might be the dominant decay mode of the Y(4220). In principle, this conclusion is compatible
with the results found for the mixed charmonium-tetraquark current, which says that the main decay channel could
be into D mesons. Therefore, the charmonium-tetraquark current given in Eq. (137) can be used to describe either
the Y(4220) state or the Y(4260) state, which points in the direction that there is only one state in this mass region.
More experiments are needed to settle the question if there are two, as considered in the PDG [22], or just one state,
as considered in Ref. [20], in the 4220 ∼ 4260 MeV mass region.
4.3. Y(4360)
Repeating the same kind of analysis that led to the observation of the Y(4260) state, the BaBar collaboration
has used ISR events to study the channel e+e− → ψ(2S ) pi+pi− in the c.m. energy range 3.95 to 5.95 GeV. Initially,
they found a broad peak at a mass around 4.34 GeV [77]. Soon after, the Belle collaboration not only confirmed
the presence of such a state, but also observed another resonant state in the ψ(2S ) pi+pi− mass spectrum at around
4.67 GeV [79]. More recently, the BaBar collaboration has announced improvements to their analysis and confirmed
the experimental findings from the Belle collaboration of a structure near 4.65 GeV [78]. Both states were named as
Y(4360) and Y(4660), respectively. In order to investigate more precisely the properties of these two states, and for a
better understanding of their nature, Belle revisited the process e+e− → ψ(2S ) pi+pi− using the ISR technique with a
larger data sample [59]. The results improved the experimental measurements of the Y(4360) state [59]:
MY(4360) = (4347 ± 6 ± 3) MeV and ΓY(4360) = (103 ± 9 ± 5) MeV
Recent experiments carried out by the BESIII collaboration confirmed once more the existence of such a state and,
for the first time, announced its observation in the J/ψ pipi mass spectrum [54].
More recently the BESIII collaboration measured the e+e− → ψ(2S )pi+pi− cross section between 4.0 to 4.6 GeV
and found two resonances with mass around 4210 MeV and 4380 MeV [70]. However, instead of identifying the
higher mass resonance with the Y(4360), they stated that it could be the same state as that observed by the BESIII
collaboration in the process e+e− → pi+pi−hc [69], the so-called Y(4390). If such identification is confirmed, this
measurement could be the first non confirmation for the existence of the Y(4360) state.
4.3.1. Theoretical explanations for Y(4360)
Some interpretations for this state can be found in Refs. [7, 8, 211]. The absence of open charm decay channels
(into D mesons) does not favor the conventional cc¯ explanation for the Y(4360) state. Although it does not seem to fit
the charmonium spectrum [22], the authors in Refs. [234, 235] propose to accommodate it as a conventional cc¯ state,
in particular as a 33D1 state. Some possible interpretations are radial excitation of the Y(4260) state [236], charmed
baryonium [237], vector hybrid charmonium [238], radial excitation of D∗D1 molecule [239] and [cqc¯q¯] tetraquark
state [92].
4.3.2. QCDSR calculations for Y(4360)
For this study one considers the lowest dimension tetraquark current, with JPC = 1−−, and symmetric spin distri-
bution [cq]S =0[c¯q¯]S =1 + [cq]S =1[c¯q¯]S =0 [92]:
jµ =
abcdec√
2
[
(qTa Cγ5cb)(q¯dγµγ5Cc¯
T
e ) + (q
T
a Cγ5γµcb)(q¯dγ5Cc¯
T
e )
]
. (182)
It is interesting to notice that the structure of the current relates the spin of the charm quark with the spin of the light
quarks. The sum rule calculations are done in Ref. [92] and the results are shown in Fig. 17. From Fig. 17a, we see that
a good OPE convergence is obtained for M2 ≥ 3.2 GeV2. Again the upper limit for M2 is obtained by imposing that
the pole contribution should be bigger than the continuum contribution. In Fig. 17b, we show the relative continuum
(solid line) and pole (dashed line) contributions, using
√
s0 = 4.9 GeV, from where we clearly see that the pole
contribution is bigger than the continuum contribution for M2 ≤ 3.5 GeV2. Thus we obtain a certain stability for the
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(a)
(b)
(c)
Figure 17: Sum rule calculation for the Y(4360) state. a) The OPE convergence in the region 2.8 ≤ M2 ≤ 4.4 GeV2 for √s0 = 4.9 GeV. We plot
the OPE contributions starting with perturbative (line with triangles), quark condensate 〈q¯q〉 (dashed line), gluon condensate 〈g2sG2〉 (dotted line),
mix condensate 〈q¯Gq〉 (line with squares), four-quark condensate 〈q¯q〉2 (dot-dashed line) and eighth condensate 〈q¯q〉〈q¯Gq〉 (solid line). b) The pole
contribution (dashed line) and the continuum contribution (solid line), for the
√
s0 = 4.90 GeV. c) The mass as a function of the sum rule parameter
M2 for
√
s0 = 4.8 GeV (dashed line),
√
s0 = 4.9 GeV (solid line),
√
s0 = 5.0 GeV (dotted line). The arrows indicate the valid Borel Window.
Figures taken from [92].
mY mass, in the allowed sum rule window, as can be seen in Fig. 17c. Taking into account the variations on M2, s0,
〈q¯q〉 and mc we get [92]:
mY = (4.49 ± 0.11) GeV, (183)
which is bigger than the Y(4360) mass, but consistent with it considering the uncertainty. Therefore, from a sum rule
point of view we can describe the Y(4360) state as a [cqc¯q¯] tetraquark state. However, it would be better to explore
other possibilities for the Y(4360) structure, before reaching a definite conclusion about its nature.
4.4. Remarks on Y(4390)
Besides the observation of the Y(4220) state, the BESIII Collaboration has also reported another peak resonance
with a mass around 4390 MeV, in the processes e+e− → hc pi+pi− [69] and e+e− → ψ(2S ) pi+pi− [70]. The mass of the
Y(4390) state is about 45 MeV greater than that of the Y(4360) state. As pointed out by the BESIII Collaboration, the
open-charm decay channel for the Y(4390) needs more experimental evidence since the resonance parameters for this
enhancement are strongly dependent on the model assumptions [71].
The experimental confirmation of the Y(4390) is very important, since the tetraquark current in Eq. (182) could
be used to explain such a state. Notice that the obtained mass in Eq. (183) is closer to the Y(4390) mass than to the
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Y(4360) mass. However, results from QCDSR calculations are not so precise to discriminate between these two states.
Therefore, we need more information from future experiments to determine if there are two, or only one state with
mass in the region (4350 – 4390) MeV. If there are really two states, with more experimental information we could
be able to understand which of them, Y(4360) or Y(4390), can be better explained as a [cqc¯q¯] tetraquark state, with
JPC = 1−−, and symmetric spin distribution.
4.5. Y(4660)
The most recent experimental data for the Y(4660) state was reported by BaBar and Belle collaborations [59, 78].
This state was observed in the channel e+e− → ψ(2S ) pi+pi− with a mass and width given by:
MY(4660) = (4652 ± 10 ± 8) MeV and ΓY(4660) = (68 ± 11 ± 1) MeV .
A critical information for understanding the structure of the Y(4660) state is whether the pion pair comes from a
resonance state. Both collaborations state that most of the di-pion candidates are consistent with a f0(980) decay.
4.5.1. Theoretical explanations for Y(4660)
From the di-pion invariant mass spectra shown in Ref. [79] there is some indication that only the Y(4660) has
a well-defined intermediate state consistent with f0(980). Due to this fact and the proximity of the mass of the
ψ(2S ) f0(980) system with the mass of the Y(4660) state, in Ref. [240], the Y(4660) was considered as an ψ(2S ) f0(980)
bound state. The Y(4660) was also suggested to be a baryonium state [236, 237], a conventional 53S 1 cc¯ state [234], a
hadro-charmonium [241] and tetraquark state [92, 242–244]. We still have no evidence for open charm decay channels
for this state, which does not favor the conventional cc¯ explanation for the Y(4660) state.
4.5.2. QCDSR calculations for Y(4660)
In Ref. [92] the Y(4660) was considered as a [csc¯s¯] tetraquark state, with JPC = 1−−, and symmetric spin distri-
bution [cs]S =0[c¯s¯]S =1 + [cs]S =1[c¯s¯]S =0. The lowest dimension tetraquark current is given by:
jµ =
abcdec√
2
[
(sTa Cγ5cb)(s¯dγµγ5Cc¯
T
e ) + (s
T
a Cγ5γµcb)(s¯dγ5Cc¯
T
e )
]
. (184)
The QCDSR analysis for this state is the same as the one done for Y(4360), with the only difference being the
substitution of the light quark condensates by those related to the strange quark for the Y(4660). The quark content
in Eq. (184) is consistent with the di-pion invariant mass spectrum [79]. The sum rule is evaluated in the Borel range
2.8 ≤ M2 ≤ 4.6 GeV2, and with s0 in the range 5.0 ≤ √s0 ≤ 5.2 GeV. From Fig. 18a, we see that there is a quite
good OPE convergence for M2 ≥ 3.2 GeV2. Therefore, we fix M2min = 3.2 GeV2. This figure also shows that the
dimension-eight condensate contribution is very small. In Fig. 18b, we show the comparison between the pole and
continuum contributions for
√
s0 = 5.1 GeV, and we see that for M2 ≤ 4.05 GeV2, the pole contribution is bigger
than the continuum contribution. Therefore, we fix M2 = 4.05 GeV2 as the upper limit of the Borel window for√
s0 = 5.1 GeV. In Fig. 18c, we show the mY mass, for different values of s0, as a function of M2, with the upper and
lower Borel window limits indicated by the arrows. From this figure we see that there is a very good Borel stability
for mY . Taking into account the variations on M2, s0, 〈s¯s〉, ms and mc in the regions mentioned above, we get [92]:
mY = (4.65 ± 0.10) GeV (185)
which is in excellent agreement with the mass of the Y(4660) state. Therefore we conclude that the Y(4660) can
be described by a diquark-antidiquark [csc¯s¯] tetraquark state with a spin configuration given by scalar and vector
diquarks. This quark content is consistent with the di-pion invariant mass spectra shown in Ref. [79], which shows that
there is some indication that the Y(4660) has a well-defined di-pion intermediate state consistent with the formation
of f0(980).
Another possible interpretation for the Y(4660) could be as a ψ(2S ) f0(980) bound state. The decay channel into
ψ(2S )pi+pi− favors such a molecular interpretation. However, it is very difficult to work with excited states in a QCDSR
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Figures taken from Ref. [92].
calculation. For this reason, in Ref. [103] the following current, which couples to a J/ψ f0(980) molecular state with
quantum numbers JPC = 1−−, was considered:
jµ =
(
c¯i γµ ci
) (
s¯ j s j
)
. (186)
Although there are conjectures that the f0(980) itself could be a tetraquark state [245], in Ref. [246] it was shown that
it is difficult to explain the light scalars as tetraquark states from a QCDSR calculation. Therefore, in Ref. [103] a
simple quark-antiquark current describing the f0(980) meson was used. The value used for the continuum threshold
is in the range: 5.0 ≤ √s0 ≤ 5.2 GeV.
With this current it is also possible to get a good OPE convergence and to determine a Borel window with good
Borel stability for the mass of the state, as can be seen in Ref. [103]. Varying the value of the continuum threshold in
the range
√
s0 = 5.1 ± 0.1 GeV, and the other parameters as indicated in Table 2, one gets [103]:
mY = (4.67 ± 0.09) GeV . (187)
This result is in an excellent agreement with the mass of the Y(4660) state. The obtained mass is far above the
J/ψ f0(980) threshold and, therefore, such a state cannot be interpreted as a J/ψ f0(980) bound state. It is important to
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remember that the current in Eq (186) is written in terms of the currents that couples to the J/ψ and f0(980) mesons,
but it also couples with all excited states with the J/ψ and f0(980) quantum numbers. From the QCDSR analysis
presented here we can only guarantee that the mass in Eq. (187) is the mass of the ground state of all the states
described by the current in Eq (186), but not that their constituents, described by the c¯iγµci and s¯ js j currents, are the
ground states of these currents: the J/ψ and f0(980) mesons.
Therefore, it is possible that the mass obtained in Eq (187) describes a ψ(2S ) f0(980) molecular state, since the
ψ(2S ) f0(980) threshold is at 4.66 GeV, compatible with a loosely bound state. The interpretation of the Y(4660) as a
ψ(2S ) f0(980) molecular state was first proposed in Ref. [240] and is also in agreement with the Y(4660) main decay
channel: Y(4660) → ψ(2S ) pi+pi−. It is also important to mention that this result indicates that, from a QCDSR point
of view, there is no J/ψ f0(980) bound state.
It is straightforward to extend the study presented in the above section to the non-strange case. To do that one only
has to replace 〈s¯s〉 → 〈q¯q〉 and to use ms = 0 in the spectral density expressions given in Ref. [103]. In Ref. [103] it
was shown that the OPE convergence is worse in this case as compared to the J/ψ f0(980) case. This is due to the fact
that the dimension-3 and dimension-5 condensates do not contribute to the sum rule. Varying the continuum threshold
in the range 5.0 ≤ √s0 ≤ 5.2 GeV, and the other QCD parameters in Table 2 one gets [103]:
mY = (4.63 ± 0.10) GeV . (188)
The result found for the J/ψ σ(600) molecular current is also in agreement with the results obtained with the
J/ψ f0(980) current. This kind of findings is not uncommon in QCDSR calculations for multiquark states [88].
Again, since the masses obtained are largely above the J/ψ σ(600) threshold, we conclude that there is no J/ψ σ(600)
bound state. In this case, since the mass obtained is also above the ψ(2S ) σ(600) threshold we can not interpret the
Y(4660) as a ψ(2S )σ(600) molecular state, despite the fact that the obtained mass is in agreement with the Y(4660)
mass.
4.6. Summary for the vector Y states
The mixed charmonium-molecule current proposed in Ref. [105] within the QCDRS framework, provides a con-
sistent description of various properties of the Y(4260) state. Fixing the mixing angle fixed as θ = (53.0 ± 0.5)◦ it
was possible to describe not only the mass of the Y(4260), but also its decay width into J/ψpi+pi−, and the branching
fraction for its production in the B meson decay channel B → KY(4260). The presented results for Y(4260) are also
consistent for a state with a smaller mass around 4220 MeV. Therefore, if future experiments confirm the hypothesis
presented in Ref. [71], that the Y(4260) is in fact a superposition of two states with masses around (4220) MeV and
(4320) MeV, the Y(4220) resonance could be explained as such mixed state.
The Y(4360) state can be explained as a normal [cqc¯q¯] tetraquark, although the obtained mass is slightly bigger
than the Y(4360) mass. Therefore, if the state recently observed by the BESIII collaboration in the process e+e− →
pi+pi−hc [69], the Y(4390) state, is confirmed, the proposed tetraquark current could describe such state.
In the case of the Y(4660) it was show that it is possible to describe this state with a tetraquark current [csc¯s¯] with
a spin configuration given by scalar and vector diquarks, or with a molecular current,
(
c¯i γµ ci
) (
s¯ j s j
)
, representing a
ψ(2S ) f0(980) bound state.
5. Isovector states with hidden charm
The recent years might be recalled in the future as a period of revolution in the field of hadron physics since several
manifestly exotic states have been discovered. Among them, mesons labelled as “Z” may be considered as specially
interesting, since they have a charmonium like mass but are electrically charged at the same time. A description of
such properties unavoidably requires (at least) four valence quarks in the wave function. The first among the series of
Z’s discovered was Z±(4430). After this discovery, several other charged states with hidden charm (and their neutral
partners) have been reported to exist. We list these states in Table. ??, denoting all of them by Zc or simply Z, although
the names are different in the latest naming scheme of the Particle Data Group (PDG) [22]. Within this scheme, the
label Zc is used to represent isovector states with hidden charm and with well defined quantum numbers among which
the pari! ty (P) and C-parity (C) is +−. The label X is used for states with not yet defined quantum numbers. We
shall use Z (Zc), throughout this review, to refer to isovector states with hidden charm, independently of their quantum
numbers.
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Table 6: A list of the currently known isovector mesons with a hidden charm content. The current naming scheme, used by PDG [22], is included
in the table. The quoted year is the year of the first observation in each channel and the quoted charge conjugation, C, is for the neutral state in the
multiplet.
State name in PDG IG(JPC) Decay channel Experiment Year
Zc(3900) Zc(3900) 1+(1+−) Z+c (3900)→ pi+J/ψ BESIII [43], Belle [44], CLEO-c [45]] 2013
Z+c (3900)→ DD¯∗+ BESIII [46] 2013
Zc(4020) X(4020) 1+(??−) Z+c (4020)→ pi+hc BESIII [55] 2013
Z+c (4020)→ (D∗D¯∗)+ BESIII [56] 2013
Z+1 (4050) X(4050) 1
−(??+) Z+1 (4050)→ pi+χc1 Belle [57] 2008
Zc(4055) X(4055) 1+(??−) Z+c (4055)→ pi+ψ(2S ) Belle [59] 2014
Zc(4100) — 1−(0++) or (1−+) Z−c (4100)→ pi−ηc(1S ) LHCb [60] 2018
Zc(4200) Zc(4200) 1+(1+−) Z+c (4200)→ pi+J/ψ Belle [67] 2014
Z2(4250) X(4250) 1−(??+) Z+2 (4250)→ pi+χc1 Belle [57] 2008
Z(4430) Zc(4430) 1+(1+−) Z+(4430)→ pi+ψ(2S ) Belle [80–82], LHCb [84] 2007
Z+(4430)→ pi+J/ψ Belle [67] 2014
5.1. Z+(4430)
The real turning point in the discussion regarding the structure of the new charmonium states was the observation
announced by the Belle Collaboration of a charged state decaying into ψ′pi+, produced in B+ → Kψ′pi+ [80]. After
its discovery, the subsequent progress on the experimental studies of Z+(4430) was astonishing. Soon after the Belle
observation, the Babar Collaboration searched for the Z−(4430) signature in four decay modes and concluded that
there was no significant evidence for the presence of a relevant signal in any of these processes [83]. However, using
the same data sample as in ref. [80], Belle performed a full Dalitz plot analysis and confirmed the observation of
the Z+(4430) signal with a 6.4σ statistical significance [81]. It was only after four years of this disagreement that
the controversy came to an end. First the Belle Collaboration confirmed the Z+!(4430) o bservation and determined
the preferred assignment of the quantum numbers to be JP = 1+ [82], and soon after that, the LHCb Collaboration
confirmed both, the Z+(4430) observation and the preferred assignment of the quantum numbers [84]. The LHCb Col-
laboration also did the first attempt to demonstrate the resonant behavior of the Z+(4430) state. They have performed
a fit in which the Breit-Wigner amplitude was replaced by a combination of independent complex amplitudes at six
equally spaced points in the mψ(2S )pi range covering the Z+(4430) peak region [84]. The resulting Argand diagram
is consistent with a rapid phase transition at the peak of the amplitude, just as expected for a resonance. Therefore,
the confirmation of the observation of Z+(4430) by the LHCb Collaboration with the demonstration of its resonant
behavior can be considered as the first experimental proof of the existen! ce of the exotic states. Finally, Belle also
searched for this state in the J/ψpi+ channel and a 4σ signal consistent with Z+(4430) was found [67]. Comparing the
measured product of branching fractions [82],
B
(
B0 → K+Z−(4300)
)
× B (Z−(4430)→ ψ(2S )pi−) = (6.0+1.7+2.5−2.0−1.4) × 10−5 . (189)
and [67]
B
(
B¯0 → K−Z+(4300)
)
× B (Z+(4430)→ Jψpi+) = (5.4+4.0+1.1−1.0−0.6) × 10−6 , (190)
the ratio between the two observed decay channels is estimated to be [169]:
B(Z±(4430)→ ψ(2S )pi±)
B(Z±(4430)→ J/ψpi±) = 11.1
+18
−8.6 . (191)
The averaged mass and width of this state are M = (4478 ± 17) MeV and Γ = (180 ± 31) MeV [22].
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5.1.1. History of theoretical studies of Z+(4430)
Before the quantum numbers of Z+(4430) were determined, due to the proximity of its mass with the D¯∗D1
threshold, Rosner [247] suggested that it was an S -wave threshold effect, Bugg considered it to be a cusp in the D¯∗D1
channel [248], while in Ref. [241] it was considered as a hadro-charmonium. Other authors considered it to be a
natural candidate for a loosely bound S -wave D¯∗D1 molecular state with quantum numbers JP = 0− [89, 93, 249–
253]. There exists also a quenched lattice QCD calculation which found attractive interaction in the D¯∗D1 system in
the JP = 0− channel [254]. The authors of ref. [254] also find positive scattering length. Based on these findings, they
conclude that although the interaction between the two charmed mesons is attractive in this channel, it is unlik! ely
that they can form a genuine bound state right below the threshold.
The first theoretical proposition for the correct quantum numbers of Z+(4430) was made by Maiani, Polosa and
Riquer in Ref. [255], where this state was interpreted as the first radial excitation of the tetraquark supermultiplet to
which X(3872) belongs [186]. In Ref. [186] it was conjectured that X(3872) must have a charged partner X+ with
JPC = 1+− with a similar mass. In Ref. [255] it was pointed out that since the mass difference
MZ+(4430) − MX+(3872) ∼ 560 MeV (192)
is close to the mass difference MΨ(2S )−MΨ(1S ) = 590 MeV, the Z+(4430) may well be the first radial excitation of X+.
Later, after the discovered of the Z+c (3900) state, Maiani et al. identified it as the predicted X
+ [256], and Z+(4430) as
the first radial excitation of Z+c (3900) [257]. In Refs. [169, 242, 258–262] Z
+(4430) was also interpreted as the first
radial excitation (2S ) of a charged diquark-antidiquark [cu][c¯d¯] tetraquark state. However, in Ref. [263], using a color
flux-tube model with a four-body confinement potential, the authors could not explain Z+(4430) as a tetraquark state.
After Belle and LHCb established the quantum numbers of Z+(4430) to be JP = 1+, it was clear that the S-wave
D¯∗D1 molecular state assignment of Z+(4430) is not possible. Following the latter findings, in Ref. [264] the authors
proposed three possible molecular configurations for Z+(4430): a P-wave excitation of the D1D¯∗ or D2D¯∗ molecule;
an S-wave molecule composed of a D or D∗ meson and a D-wave vector D meson; (3) a cousin of the molecular state
of Zc(3900) composed of a D or D∗ meson and their radial excitations. In Refs. [265, 266] Z+(4430) is interpreted
as a DD¯∗(2S ) state, and the authors of Ref. [266] showed that the ratio measured by Belle [67] in Eq. (191) can be
explained by considering Z+(4430) as a DD¯∗(2S ) molecular state. The ratio in Eq. (191) can also be explained by
considering Z+(4430) as ! the first radial excitation (2S ) of a tetraquark state [262].
From the above discussions we can conclude that the two possible explanations for the Z+(4430) structure are: 1)
the first radial excitation (2S ) of the charged diquark-antidiquark [cu][c¯d¯] Z+c (3900) tetraquark state; 2) a DD¯
∗(2S )
molecular state. It is very interesting to notice that in the Supersymmetric Light Front Holographic QCD [267–271]
Z+c (3900) and Z
+(4430) are also identified as tetraquark states, but as, respectively, the first and second radial excitation
of the state χc1(3510), considered as the tetraquark superpartner of the Ξcc baryon [272], as can be seen in Fig. 19.
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5.2. Z+c (3900)
In 2013, the BESIII Collaboration announced the observation of a charged charmonium-like state, called Zc(3900),
in the J/ψpi± invariant mass distribution of the e+e− → Y(4260) → J/ψpi+pi− process [43]. This structure, was also
observed, at the same time, by the Belle collaboration [44] and was confirmed by the authors of Ref. [45] using
the CLEO-c data. From these three experiments, assuming the orbital angular momentum between J/ψ and pi to be
zero, the quantum number of Zc(3900) was argued to be IG JP = 1+1+. The confirmation of the spin and parity of
Z+c (3900) as J
P = 1+ was done in Ref. [273] with a statistical significance larger than 7σ. In Ref. [45] an evidence of
the existence of the neutral state Zc(3900)0 decaying into pi0J/ψ was also brought forward and in Ref. [274] Zc(3900)0
was observed by BESIII in the e+e− → pi0Zc(3900)0 → pi0pi0J/ψ process. The mass and decay width of Zc(3900) from
all these different experiments are consistent with each other. The averaged mass and width are: M = (3886.6 ± 2.4)
MeV and Γ = (28.2 ± 2.6) MeV [22].
Soon after the Z+c (3900) observation, the BESIII Collaboration announced the finding of three other charged
states: Zc(3885) [46, 275], Zc(4020) [55] and Zc(4025) [56]. All these structures were observed in the process e+e− →
Y(4260)→ pi−Z+c .
The Z+c (3885) state was found in the process e
+e− → Y(4260) → (DD¯∗)±pi∓ with mass M = (3881.7 ± 1.6 ± 1.6)
MeV and width Γ = (26.5 ± 1.7 ± 2.1) MeV [275]. Since its measured mass was slightly lower than that of Zc(3900)
measured in the J/ψpi channel by BESIII : M = (3899.0± 3.6± 4.9) MeV [43] and by Belle: M = (3894.5± 6.6± 4.5)
MeV [44], BESIII called it Z+c (3885). However, the measured mass and width of Zc(3885) are consistent with those of
the Zc(3900) state obtained by Xiao et al.: M = (3886±4±2) MeV [45]. BESIII also reported the finding of a neutral
state Zc(3885)0 in the e+e− → (DD¯∗)0pi0 process [276]. The analysis on the angular distribution of the piZc(3885)
system performed by BESIII supports the JP = 1+ assignment [46]. With the same spin-parity and similar mass and
width, Zc(3900) and Zc(3885) are probably the same state and they are considered as the same state in PDG [22].
Under this assumption, the ratio of the partial decay width of these two decay modes is [19]
Γ(Zc(3900)→ DD¯∗)
Γ(Zc(3900)→ J/ψpi) = 7.7 ± 1.3 ± 2.8 . (193)
5.2.1. Theoretical explanations for Z+c (3900)
As discussed in the case of Z+(4430), the two possible explanations for the Z+c (3900) structure are: a charged
diquark-antidiquark [cu][c¯d¯] state, or a DD¯∗ molecular state. Concerning the molecular configuration, there are many
calculations that could not accommodate Z+c (3900) as a J
P = 1+ DD¯∗ molecule [277, 278] including lattice QCD
calculations [279–281]. However, in Refs. [195, 282–292] the authors did find a DD¯∗ molecular state compatible with
Z+c (3900). There are also some QCDSR calculations for the Z
+
c (3900), done using molecular type of interpolating
currents, for which the obtained mass agrees with the experimental values within errors [195, 293–295]. However,
it is important to remember that, although the interpolating current is of molecular type, the current is local and,
therefore, the four quarks in the current have the same space-time position as in the case of tetraquark currents [99].
In the case of tetraquark configuration, many calculations, using different approaches, found a positive signal [106,
198, 256, 296, 297].
In all calculations, which found a positive signal, the mass of the Zc(3900) is relatively easily reproduced. How-
ever, the Zc(3900) decay width represents a challenge to theorists. While its mass is very close to the X(3872) mass,
it has a much larger decay width. Indeed, while the Zc(3900) decay width is in the range 30 MeV, the X(3872) width
is smaller than 1.2 MeV. This difference can be attributed to the fact that X(3872) may contain a significant |cc¯〉 com-
ponent [96], which is absent in Zc(3900). As pointed out in Ref. [218], this would also explain why Zc has not been
observed in B decays.
According to the experimental observations, Z+c (3900) decays into J/ψ pi
+ with a relatively large decay width. If
Zc is a real D∗ − D¯ molecular state, its decay into J/ψ pi+ must involve the exchange of charmed mesons. When
the distance between D∗ and the D¯ is large, as expected for a D∗ − D¯ molecular state, it becomes more difficult to
exchange mesons, since the exchange of heavy mesons is a short range process. In Ref. [298] it was shown that,
in order to reproduce the measured Zc(3900) width, the effective radius must be 〈re f f 〉 ' 0.4 fm. This size scale is
small and represents a challenge to the molecular picture. In Ref. [285], the Z+c (3900) was also treated as a charged
D∗ − D¯ molecule in which the interaction between the charm mesons is described by a pionless effective field theory.
Introducing electromagnetic interactions through the minimal substitution in this theory, the authors explored its
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electromagnetic structure, arriving at the conclusion that its charge radius is of the order of 〈r2〉 ' 0.11 fm2. Taking
this radius as a measure of the spatial size of the state, we conclude that it is more compact than J/ψ, for which
〈r2〉 ' 0.16 fm2. In Ref. [106] the combined results of Refs. [298] and [285] were taken as an indication that Zc is a
compact object, which may be better understood as a quark cluster, such as a tetraquark.
5.2.2. QCDSR calculations for the Z+c (3900) width
In Ref. [106] Z+c (3900) was interpreted as the isospin 1 partner of X(3872), as in Ref. [256]. The quantum numbers
for the neutral state in the isospin multiplet are IG(JPC) = 1+(1+−) and, therefore, the interpolating field for Z+c (3900),
considered as a tetraquark state, is given by:
jα =
iabcdec√
2
[(uTa Cγ5cb)(d¯dγαCc¯
T
e ) − (uTa Cγαcb)(d¯dγ5Cc¯Te )] , (194)
where a, b, c, ... are color indices, and C is the charge conjugation matrix. Considering SU(2) symmetry, the mass
obtained in QCDSR for the Zc state is exactly the same as that obtained for X(3872) [88, 99]. As discussed above,
QCDSR calculations for the Zc state using a D¯D∗ molecular type interpolating current lead to similar results for the
mass of the state [195, 293–295]. These calculations only confirm the results presented in Refs. [88, 99].
The evaluation of the Z+c (3900) → J/ψ pi+ decay width in the QCDSR approach is based on the three-point
function:
Πµνα(p, p′, q) =
∫
d4x d4y eip
′.x eiq.y Πµνα(x, y), (195)
with Πµνα(x, y) = 〈0|T [ jψµ (x) jpi5ν(y) j†α(0)]|0〉, where p = p′ + q and jψµ , jpi5ν are the interpolating fields for J/ψ and pi
respectively.
The phenomenological side of the sum rule is obtained by inserting intermediate states for Zc, J/ψ and pi into
Eq.(227). One arrives at [106]:
Π
(phen)
µνα (p, p′, q) =
λZc mψ fψFpi gZcψpi(q
2)qν
(p2 − m2Zc )(p′2 − m2ψ)(q2 − m2pi)
−gµλ + p′µp′λm2ψ
 −gλα + pαpλm2Zc
 + · · · , (196)
where the dots stand for the contribution of all possible excited states. The form factor, gZcψpi(q
2), is defined as the
generalization of the on-mass-shell matrix element, 〈J/ψ pi |Zc〉, for an off-shell pion:
〈J/ψ(p′)pi(q)|Zc(p)〉 = gZcψpi(q2)ε∗λ(p′)ελ(p), (197)
where εα(p), εµ(p′) are the polarization vectors of the Zc and J/ψ mesons respectively.
In Ref. [106] the coupling constant, gZcψpi, was evaluated directly by considering a sum rule at the pion-pole
[158], valid only at Q2 = 0, as suggested in [120] for the pion-nucleon coupling constant. It consists of neglecting
the pion mass in the denominator of Eq. (196) and working at q2 = 0. In the OPE side only terms proportional to
1/q2 will contribute to the sum rule. Therefore, up to dimension five the only diagrams that contribute are the quark
condensate and the mixed condensate. Besides, only the diagrams with non-trivial color structure, which are called
color-connected (CC) diagrams, as shown in Fig. 20, were considered on the OPE side. Possible permutations (not
shown) of the diagram in Fig. 20 also contribute.
The diagram in Fig. 20 contributes only to the structures qνgµα and qνp′µp′α appearing on the phenomenological
side. On the OPE side we choose to work with the qνp′µp′α structure, since structures with more momenta are supposed
to give better results. We obtain:
Π(OPE) =
〈q¯gσ.Gq〉
12
√
2pi2
1
q2
∫ 1
0
dα
α(1 − α)
m2c − α(1 − α)p′2
. (198)
Making a single Borel transformation to both P2 = P′2 → M2, we finally get the sum rule:
A
(
e−m
2
ψ/M
2 − e−m2Zc /M2
)
+ B e−s0/M
2
=
〈q¯gσ.Gq〉
12
√
2pi2
∫ 1
0
dα e
−m2c
α(1−α)M2 , (199)
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Figure 20: CC diagram which contributes to the OPE side of the sum rule. From Ref. [106].
where s0 is the continuum threshold parameter for Zc,
A =
gZcψpiλZc fψFpi (m
2
Zc
+ m2ψ)
2m2Zc mψ(m
2
Zc
− m2ψ)
, (200)
and the parameter B is introduced to take into account pole-continuum transitions (see Sec. 2.7.3). To determine
the coupling constant gZcψpi we fit the QCDSR results with the analytical expression on the left-hand side (LHS) of
Eq.(199), and find: A = 1.46 × 10−4 GeV5 and B = −8.44 × 10−4 GeV5. Using the definition of A in Eq.(200), the
value obtained for the coupling constant is [106]
gZcψpi = (3.89 ± 0.56) GeV, (201)
which is in excellent agreement with the estimate made in [256], based on dimensional arguments. The corresponding
decay width is [106]:
Γ(Z+c (3900)→ J/ψpi+) = (29.1 ± 8.2) MeV. (202)
In Ref. [106] the three-point QCDSR was also used to evaluate the coupling constants at the vertices Z+c (3900)ηcρ
+,
Z+c (3900)D
+D¯∗0 and Z+c (3900)D¯0D∗
+. In all cases only CC diagrams were considered.
To illustrate let us consider the Z+c (3900)ηcρ
+ case. In this case the phenomenological side is
Π
(phen)
µα (p, p′, q) =
−iλZc mρ fρ fηc m2ηc gZcηcρ(q2)
2mc(p2 − m2Zc )(p′2 − m2ηc )(q2 − m2ρ)
−gµλ + qµqλm2ρ
 −gλα + pαpλm2Zc
 + · · · . (203)
On the OPE side, for the p′αqµ structure we have:
Π(OPE) =
−imc〈q¯gσ.Gq〉
48
√
2pi2
1
q2
∫ 1
0
dα
1
m2c − α(1 − α)p′2
. (204)
Isolating the qαp′µ structure in Eq. (203) and making a single Borel transformation on both P2 = P′
2 → M2, we finally
get the sum rule:
C
(
e−m
2
ηc /M
2 − e−m2Zc /M2
)
+ D e−s0/M
2
=
Q2 + m2ρ
Q2
mc〈q¯gσ.Gq〉
48
√
2pi2
∫ 1
0
dα
e
−m2c
α(1−α)M2
α(1 − α) , (205)
with Q2 = −q2 and
C =
gZcηcρ(Q
2)λZc mρ fρ fηc m
2
ηc
2mcm2Zc (m
2
Zc
− m2ηc )
. (206)
One can use Eq. (205) and its derivative with respect to M2 to eliminate D from Eq. (205) and to isolate gZcηcρ(Q
2).
In Sec. 2.8 the QCDSR results for the gZcηcρ(Q
2) form factor are illustrated together with the extrapolation procedure
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used to extract the coupling constant. The QCDSR results are shown in Figs. 4(a) and 4(b). The squares in Fig. 4(b)
show the Q2 dependence of gZcηcρ(Q
2), obtained for M2 = 5.0 GeV2. For other values of the Borel mass, in the range
4.0 ≤ M2 ≤ 10.0 GeV2, the results are equivalent. Using the parametrization in Eq. (42), also shown in Fig. 4(b) as a
line, the coupling constant is obtained as [106]:
gZcηcρ = (4.85 ± 0.81) GeV. (207)
The couplings, with the respective decay widths, for all studied decays in [106] are given in Table 7. A total
width of Γ = (63.0 ± 18.1) MeV was found for the Zc(3900), in good agreement with the two experimental values:
Γ = (46 ± 22) MeV from BESIII [43], and Γ = (63 ± 35) MeV from BELLE [44].
Table 7: Coupling constants and decay widths in different channels
Vertex coupling constant (GeV) decay width (MeV)
Z+c (3900)J/ψpi
+ 3.89 ± 0.56 29.1 ± 8.2
Z+c (3900)ηcρ
+ 4.85 ± 0.81 27.5 ± 8.5
Z+c (3900)D
+D¯∗0 2.5 ± 0.3 3.2 ± 0.7
Z+c (3900)D¯0D
∗+ 2.5 ± 0.3 3.2 ± 0.7
From the results in Table 7 it is possible to evaluate the ratio
Γ(Zc(3900)→ DD¯∗)
Γ(Zc(3900)→ piJ/ψ) = 0.22 ± 0.12, (208)
which is not compatible with the result in Eq. (193). In Ref. [297], also with a QCDSR calculation, it was obtained
that just the decays Z+c (3900)J/ψpi
+ and Z+c (3900)ηcρ
+ lead to a total Zc decay width of Γ = (65.7 ± 10.3) MeV. This
means that the ratio in Eq. (208) would be even smaller than the quoted one. From the results presented in Ref. [256],
using the diquark model, one arrives at
Γ(Zc(3900)→ DD¯∗)
Γ(Zc(3900)→ piJ/ψ) ∼ 0.14. (209)
Therefore, from these results one should conclude that the states Zc(3885) [46] and Zc(3900) [43] are not the same.
5.3. Z+c (4020) (former Z
+
c (4025))
The charged Z±c (4025) state was first discovered by the BESIII collaboration [55] in the pi±hc(1P) invariant mass
distribution of the process e+e− → pi+pi−hc(1P), and it was also observed by the same collaboration [56] as a peak in
the (D∗D¯∗)± invariant mass distribution from the reaction e+e− → (D∗D¯∗)±pi∓. The BESIII collaboration also found
a signal for a neutral Z0c (4020) in the corresponding pi
0hc(1P) and (D∗D¯∗)0 invariant masses of the reactions e+e− →
pi0pi0hc(1P), (D∗D¯∗)0pi0 [299, 300]. Production rates and mass values support putting together the manifestation of
these charged and neutral states as an evidence for the existence of an isospin 1 particle with mass (4024.1±1.9) MeV
and width (13 ± 5) MeV, which nowadays is named as X(4020). With the exception of parity, the quantum numbers
of this isospin 1 state have not been determined, but all the above mentioned experimental analysis assume s-wave
production and thus the quantum number assignment IG(JPC) = 1+(1+−).
5.3.1. Theoretical explanations for Z+c (4020)
The proximity of the mass of Zc(4020) to the D∗D¯∗ threshold motivated the association of a molecule-like structure
to it. In such a case, it should be possible to determine the origin of Zc(4020) purely from the dynamics of the open
charm vector mesons. The idea of forming molecular D∗D¯∗ resonances close to the threshold is not new and was
foreseen in Refs. [182, 301–304] much before the experimental findings in Refs. [55, 56, 299, 300].
The same motivation, that is, the proximity of the (D∗D¯∗)± threshold (4017 MeV) to the resonance mass, has
encouraged the search of a state arising from the dynamics involved in the D∗D¯∗ system and coupled channels within
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other formalisms too. Within the context of effective field theories, in Ref. [305], using arguments of heavy quark
symmetry and solving the Lippmann-Schwinger equation for the D∗D¯∗ system, a (virtual) state with mass in the range
3950-4017 MeV is found with isospin 1 and JPC = 1+−. In Ref. [306], using effective field theories based on the local
hidden symmetry, it was found that a IG(JPC) = 1−(2++) state arises from the coupled channel dynamics involved in
the D∗D¯∗, J/ψρ coupled system with a mass around 3920 MeV. This calculation was updated in Ref. [307] and the
binding energy was reduced, finding the state with a mass around 3990 MeV and width arou! nd 160 Me V.
Using the model of Refs. [306, 307], in Ref. [110], the cross section for the e+e− → (D∗D¯∗)±pi∓ reaction was
calculated and it was shown that the experimental result is compatible with a JP = 1+ state with mass around 4025
MeV and small width, ∼ 30 MeV, and, thus, in line with the result in Ref. [56]. But it was also found to be consistent
with the existence of a JP = 2+ state below the D∗D¯∗ threshold with mass around 3990 MeV and width of 160 MeV,
as found in Ref. [307]. Note that even if the state found in Refs. [306, 307] is below the D∗D¯∗ threshold, because of
its large width, when considering the phase space for the e+e− → (D∗D¯∗)±pi∓ process, a narrow peak will be produced
slightly above the threshold in the D∗D¯∗ invariant mass distribution of the reaction (for more details see Ref. [? ]). In
th is sense, the signal observed in Ref. [56] could be due to the presence of a state below the D∗D¯∗ threshold. There
are some facts in favor of such an interpretation. For example, if, as assumed in Ref. [56], the signal found in the
D∗D¯∗ invariant mass distribution of e+e− → (D∗D¯∗)±pi∓ would correspond to a JP = 1+ state produced in s-wave,
such a state could easily decay to J/ψpi, implying that a clear signal around 4025 MeV (which in this case is quite
far from the J/ψpi threshold) should be seen in the J/ψpi invariant mass distribution of the reaction e+e− → pi+pi−J/ψ.
This reaction was precisely studied by the BESIII collaboration [43] and they found a Zc state around 3900 MeV, but
no signal for Zc(4025) was found.
Additionally, if Zc(4025) should be interpreted as a state generated from the D∗D¯∗ interaction it should be expected
to be below the threshold and not above: the dominant contribution to the wave function of the Zc state would come
from the D∗D¯∗ component. In effective field theories, the lowest order amplitude describing the D∗D¯∗ interaction
has a weak energy dependence, and as shown in Ref. [308], in a single channel system with an energy-independent
amplitude, when used as kernel in the Bethe-Salpeter equation to determine the scattering T -matrix, a state below
the threshold, and not above, is produced. In this sense, if a Zc state could be generated from the D∗D¯∗ system, it is
expected to be below the D∗D¯∗ threshold. This fact, together with the results of Refs. [110, 306, 307] could hint to a
possible misinterpretation of the signal observed in Ref. [? ].
In Refs. [263, 296], a study of tetraquark states, within a diquark-antidiquark configuration, was performed in
the context of a color flux tube with a multibody confinement potential and it was found that the nearest state to
Z+c (4025) obtained with the model was the one with quantum numbers J
P = 2+. However, several works support the
1+− quantum numbers too. Using a framework of non-relativistic quark model and Cornell-type potentials, a Qq¯-Q¯q
molecular-like four quark state with JPC = 1+− and mass around 4036 MeV was found [259], among others with a
similar mass but other quantum numbers, and identified with Zc(4025).
Alternative explanations for the experimental findings have also been brought forward. In Refs. [174, 309] a
simple model inspired by effective field theories is used to show that the signal observed in the experiments could be an
artifact arising from a coupled channel cusp effect. Studies based on a finite volume seem not to support the existence
of a Zc state arising from the D∗D¯∗ interaction [280, 310], considering interpolating currents with IG(JPC) = 1+(1+−).
Though it is unclear if these findings imply the absence of Zc’s with IG(JPC) = 1+(1+−) or if they are due to the
limitations of the simulations (for example, the use of unphysical masses for the quarks u and d).
5.3.2. QCDSR calculations for Z+c (4020)
To study the Z+c (4020) within the scheme of the QCD sum rules, the authors in Ref. [109] considered the current:
jµν(x) =
[
c¯a(x)γµua(x)
] [
d¯b(x)γνcb(x)
]
. (210)
With this current, which does not have a defined spin-parity, one can construct the two-point correlation function
Πµναβ(q2) = i
∫
d4xeiqx〈0 | T
[
jµν(x) j
†
αβ(0)
]
| 0〉, (211)
from which it is necessary to extract the contributions to different well defined spin-parity combinations, in order to
interpret the results. Considering an effective field theory point of view, bound states of two mesons are expected
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to be formed, most likely, when the constituent mesons interact at low energies. At such energies, the interactions
can be well described by taking the lowest relative angular momentum in the system, in other words by considering
interactions in the s-partial wave. In such a picture, the D∗D¯∗ system can have total spin 0, 1 or 2. In the QCD sum
rules approach, as described in the previous sections, the correlation function is written in terms of quark propagators
and is calculated within the OPE. To do such calculations for a defined total spin 0, 1 or 2, we need to project Eq. (211)
on a particular spin, which can be done using the spin projectors given in Ref. [107]. These projectors were obtained
in Ref. citeTorr es:2013saa to study the D∗ρ system, inspired by a study of the same system within an effective field
approach done in Ref. [311]. They are:
P(0) = 1
3
∆µν∆αβ,
P(1) = 1
2
(
∆µα∆νβ − ∆µβ∆να
)
, (212)
P(2) = 1
2
(
∆µα∆νβ + ∆µβ∆να
)
− 1
3
∆µν∆αβ,
where ∆µν is defined in terms of the metric tensor, gµν, and the four momentum q of the correlation function as
∆µν ≡ −gµν + qµqνq2 . (213)
The spin projected spectral density was calculated by going in the OPE series up to dimension six in Ref. [109]:
ρSOPE = ρ
S
pert + ρ
S
〈q¯q〉 + ρ
S
〈g2G2〉 + ρ
S
〈q¯gσGq〉 + ρ
S
〈q¯q〉2 + ρ
S
〈g3G3〉, (214)
where the superscript S denotes the spin of the states in the spectrum. The spectral density on the phenomenological
side is written as a sum of a narrow, sharp state and a smooth continuum
ρSphenom(s) = λ
2
S δ(s − m2S ) + ρScont(s), (215)
where s = q2 is the squared four-momentum flowing in the correlation function, λS is the coupling of the current
to the state we are looking for and mS denotes its mass. As explained in the previous sections, the continuum is
assumed to be separated from the ground state by about 500 MeV, although this separation energy is considered as
an unknown parameter and is varied in the calculations to estimate errors in the results. As the standard procedure, a
Borel transform of both the OPE and phenomenological sides is taken, which introduces a dependence of the results
on the Borel mass. The criteria to establish a range of Borel mass, within which the results are considered to be
reliable, are: (1) to ensure the dominance of the first term of Eq. (215), called as the pole term, over the continuum
contribution, in agreement with the ansatz chosen for the phenomenological description of the spectral density and (2)
to have a converging OPE series. It can be seen from the left panel of Fig. 21, for a fixed value of
√
s0 = 4.55 GeV, that
the pole term dominates for all the three spin configurations until the squared Borel Mass value of about 2.9 GeV2.
The right panel of the same figure shows that the contribution of the penultimate term reduces from ∼ 25% to ∼ 20%
in the range of Borel mass 2.56 GeV2 ≤ M2 ≤ 2.9 GeV2. This range can be considered as a Borel window within
which the results are reliable and thus we can look at the mass values obtained in this range for the three cases of
spin. As can be seen from Fig. 22, the mass value is reasonably stable and it ranges from 3.87-3.91 GeV. In Ref. [109]
the authors have varied
√
s0 by ±0.5GeV and have better estimated the errors by taking into account the uncertainties
involved in the values of other parameters, such as the condensates, the quark mass, etc.. The obtained values for the
masses of the states with spin 0, 1 and 2, are respectively,
MS =0 = (3943 ± 104) MeV, (216)
MS =1 = (3950 ± 105) MeV,
MS =2 = (3946 ± 104) MeV.
In Ref. [109], three states with different spin but with almost similar mass are found, all with a D∗D¯∗ molecular nature.
The fact that the s-wave interaction must dominate in the formation of a molecular state implies that all these states
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Figure 21: Figures depicting the pole dominance on the phenomenological side and the convergence of the OPE series for the correlation function
of Eq. (211).
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Figure 22: Mass of a state with spin-parity 0+ as a function of Borel mass, varying in the reliable range of the validity of results.
have a positive parity. With the discovery of the neutral member of the isospin 1 triplet, in the D∗0D¯∗0 system, it is
also possible to define the C- and G-parity of the a state with spin 0, 1, and 2 formed in such a system. The spin 0
and 2 states formed in the D∗D¯∗ should have positive C-parity and negative G-parity, while the state with spin 1 has
negative C-parity and positive G-parity. As discussed in [109], the formation of a 0+ state in the D∗D¯∗ system, in the
process e+e− → (D∗D¯∗)±,0pi∓,0 is not possible, due to the conservation of parity and angular momentum. However,
both IG(JPC) = 1!+(1+−) and 1−(2++) can be assigned to Zc(4020). As can be seen from Table ??, the particle data
group assigns a positive G-parity and negative C-parity to this state, which seems to be motivated by the assumption
of spin 1 for the state Zc(4020). From Ref. [109], either of the possible quantum numbers 1+(1+−) or 1−(2++) can be
associated to Zc(4020).
The central values of the results, given in Eq. (216), are in line with the findings of Refs. [110, 306, 307], although
the mass values can be above the threshold when including error bars.
Other interpretations for the internal structure of this state, like a tetraquark nature, have also been suggested.
Using QCD sum rules, in Ref. [312], a diquark-antidiquark structure was studied, giving rise to two possible spin-
parity assignments for the state, JPC = 1+− or 2++. Using the same technique, in Ref. [313], considering JP = 1− and
2+ tetraquark currents, it was found that the mass obtained with the 2+ current was consistent with the experimental
data of Z+c (4025), while the mass determined with the 1
− current was not compatible within the error-bars, suggesting
then, a 2+ assignment for the state.
The possibility of this Zc state being a D∗D¯∗ molecule kind has also been investigated within QCD sum rules,
in Ref. [314], using a color octet-octet axial-vector current and values for the mass and width were found to be
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compatible with the experimental data, supporting the association of quantum numbers JPC = 1+− to Zc(4020). In
Ref. [315] a JP = 1+ molecular current was used and the mass extracted was (4.04 ± 0.24) GeV. A similar conclusion
was found in Ref. [316] with a different current and with calculations done up to leading order in αs. In Ref. [293],
charmonium-like molecular interpolating currents with quantum numbers JPC = 1+− were constructed including both
color singlet-singlet and color octet-octet structures and the authors arrived to the conclusion that Zc(4025) could be a
D∗D¯∗ or a D1D¯1 molecular state.
Evidence for a state with spin-parity 0++, and a mass around 4000 MeV, also comes from other formalisms; within
the constituent quark model, in Ref. [317] a tetraquark with mass 4005.7 MeV and quantum numbers I(JPC) = 1(0++)
was found with a mass similar to Zc(4025). This result is in agreement with the 0++ state found in [109] (as summarized
in Eq. 216).
There exist other studies based on QCDSR, which find states with different spins, but almost same mass, as
in [109]. Such is the case of Ref. [318], where using vector × vector interpolating currents, the formation of JPC =
0++, 1+−, 2++ molecular states was studied and the existence of three states was found, one for each spin, with
basically the same mass, within the uncertainties, with a central value of 4.01-4.04 GeV.
5.4. Z+1 (4050), Z
+
c (4055) and Z
+
2 (4250)
In the energy region around 4050 MeV, two states with basically the same mass have been claimed, Z1(4050)
and Zc(4055), nowadays named as X(4050) and X(4055). In spite of their similar masses, the quantum numbers
assignments seem to differ, with the former being a state with positive C-parity, isospin 1 and negative G-parity, while
the latter has isospin 1 but opposite C- and G-parities. The other quantum numbers are unknown.
The experimental evidence for Z1(4050) is controversial, as in case of the state Z2(4250) (or X(4250) in Ref. [22]
notation): they were observed by the Belle collaboration [57] in the pi+χc1(1P) invariant mass distribution of the
reaction B¯0 → K−pi+χc1(1P). The fit to the data performed in Ref. [57] indicates that the consideration of two
resonances is preferred by 13.2 σ, and that the inclusion of two resonances is preferable to the consideration of one
by 5.7σ. These fits were done assuming J = 0 and 1 and the lowest possible orbital angular momentum for the
system, but the χ2 result of the fit is not significantly altered by changing J. However, the BaBar collaboration [58]
could reproduce the data on the pi+χ1c(1P) invariant mass distributions of the processes B¯0 → K−pi+χc1(1P) and
B+ → K0S pi+χc1(1P) with the Z resonan! ce contri bution consistent with zero.
In case of Zc(4055), the Belle collaboration claimed its existence based on an excess of events in the pi±ψ(2S )
invariant mass of the process Y(4360)→ pi+pi−ψ(2S ) with a 3.5σ significance [59].
5.4.1. Theoretical explanations for Z+1 (4050), Z
+
c (4055) and Z
+
2 (4250)
The possibility of Z1(4050) and Z2(4250) being tetraquarks has been studied with different models. In Ref. [259],
using a Cornell potential the four-quark configuration of Z1(4050) as a cluster of Qq¯ and Q¯q with some residual color
forces that bind the two clusters is investigated and the existence of a state with mass 4046 MeV is found with quantum
numbers JPC = 2+− together with a state with mass 4054 MeV and quantum number 3++. Both results are associated
with Z1(4050). In Ref. [263], using a color flux-tube model, the authors arrived to the conclusion that Z1(4050) has a
tetraquark [cu][c¯d¯] nature, with a compact three-dimensional spatial configurations, with spin-parity JP = 1−, while
Z2(4250) can be interpreted as a [cu][c¯d¯] tetraquark with JP = 1+. No tetraquark candidate was found in Ref. [242] for
Z1(4050) by using a relativistic quark model. On th! e other h and, Z2(4250) could be interpreted as a tetraquark [242].
In Ref. [319], possible molecular states composed by a pair of heavy mesons, as D∗ and D¯∗, were studied by
means of a meson exchange potential obtained from an effective Lagrangian based on the chiral and heavy quark
symmetries. The authors of Ref. [319] found two states, one with JP = 0+ and other with JP = 1+, which could
correspond to Z1(4050). However, as the authors mention, the values of the cut-off used seem too large (4GeV for the
0+ state and 10 GeV for the 1+ state) and it is too naive to exclude, in such a situation, other components in the wave
function of such a state. By using a chiral SU(3) quark model, the authors of Ref. [320] reached the conclusion that
Z1(4050) is unlikely to be an s-wave isospin 1 D∗D¯∗ molecule. In Ref. [217], using heavy meson chiral perturbation
and an effective meson exchange potential, the authors found that the consideration of Z2(4250) as a D1D¯ molecule
with quantum numbers IG(JP) = 1−(1−) is disfavored, since it requires a cut-off in their model of around Λ ∼ 3 GeV.
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5.4.2. QCDSR calculations for Z+1 (4050), Z
+
c (4055) and Z
+
2 (4250)
Within the context of QCD sum rules, the tetraquark and molecular pictures have also been investigated. In
Ref. [312] it was concluded that the association of Z1(4050) and Z2(4250) with a JPC = 0++ diquark-antidiquark
tetraquark was disfavored. In Ref. [321], by considering a superposition of Cγ5 −Cγ5 and C −C currents a state with
mass (4.36± 0.18) GeV was found and associated with Z2(4250). In Ref. [293], the authors constructed charmonium-
like molecular interpolating currents with quantum numbers JPC = 1+− and found that Z1(4050) could be described
by a D∗D¯∗ or a D1D¯1 molecular current, and Z2(4250) with a DD¯∗ molecular current. In Ref. [91] the IG(JP) = 1−(0+)
current
(d¯γµc)(c¯γµu) (217)
was used to study the D∗D¯∗ system and the IG(JP) = 1−(1−) current
i√
2
[(d¯γµγ5c)(c¯γ5u) + (d¯γ5c)(c¯γµγ5u)] (218)
was used to investigate the D1D¯ system. In the case of the D∗D¯∗ system, a state with a mass around 130 MeV above
the threshold and 100 MeV above the nominal mass of Z1(4050) was found, while for the D1D¯ system a state with
a mass around 100 MeV below the threshold and 60 MeV below the mass of Z2(4250) was obtained. In the former
case, it was concluded that the signal found could be probably a virtual state which is not related to Z1(4050), while
in the latter, the mass found is consistent with both Z1(4050) and Z2(4250) and thus no definite conclusions could be
drawn.
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Figure 23: Results for the D1D molecule from Ref. [90]. Each panel shows a different choice of the continuum threshold. Upward and downward
arrows indicate the region of the Borel window M2min and M
2
max, respectively. Associated numbers in % denote the dimension eight condensate
contribution for upward arrows and continuum contribution for downward ones. Taken from [90].
These conclusions were reached by ignoring the width of the Z states in the spectral density of the phenomenolog-
ical side of the sum rule. In view of this, in Ref. [90] the same authors incorporated the width in the phenomenological
spectral density and studied its effect on the mass, finding that using the current in Eq. (218), it is possible to obtain a
mass mD1D = 4.25 GeV with a width 40 ≤ Γ ≤ 60 MeV, in agreement with the mass and width of Z2(4250), as can
be seen in Fig. 23.
Therefore, the authors of Ref. [90] conclude that it is possible to describe the Z+2 (4250) resonance structure with a
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D1D¯ molecular current with IG JP = 1−1− quantum numbers, and that the D∗D¯∗ current is probably not related with
the Z+1 (4050) resonance-like structure.
5.5. Z+c (4200)
The existence of Zc(4200) is based on the study of the ψpi+ mass spectrum, obtained in the decay process B¯0 →
J/ψK−pi+, by the Belle Collaboration [67]. The χ2-fit to the experimental data with the spin-parity assignment of 1+
for the Zc(4200) state leads to the highest statistical significance (8.2σ) [67]. The same data set also shows a signal for
the better known Zc(4430). The mass and width for Zc(4200) are found to be 4196+31+17−70−132 MeV and 370
+70+70
−70−132 MeV,
respectively, in Ref. [67]. The inclusion of a Zc state with mass around 4200 MeV, apart from Zc(4430), in the
experimental data on B0 → J/ψ′K−pi+, was also considered by the LHCb collaboration [84] and the quality of the
fit was found to improve with the consideration of two Zc states rather than Zc(4430) alone. Although the mass and
wi! dth of th e state near 4200 MeV found by the LHCb collaboration, 4239 ± 18+45−10 MeV and 220 ± 47+108−74 MeV,
are compatible with those determined in Ref. [67], the preferred spin-parity was found to be different, 0−. The LHCb
collaboration, though, does not claim the observation of any state with mass around 4200. The particle data group,
thus, lists its spin-parity to be 1+. In a recent article [322], the D0 collaboration confirms finding a resonant structure
above 4 GeV which is similar to the one found in Ref. [67]. An analysis of the decay Λ0b → J/ψppi− was made by the
LHCb collaboration and it was found that the inclusion of either the two exotic pentaquarks, P+c , or that of Zc(4200),
was important to describe the data [127].
5.5.1. Theoretical explanations and QCDSR calculations for Z+c (4200)
From a theoretical point of view, a tetraquark nature of Zc(4200) has been studied within different model calcu-
lations. For example, the authors of Ref. [323] find a [cu][c¯d¯] state, with quantum numbers n
(
2S +1LJ
)
= 1
(
3D1
)
and spin-parity 1+ and associate it with Zc(4200), in a model treating quark-quark interactions through one gluon
exchange, one boson exchange and σ exchange. Evidence for Zc(4200) has also been found in a light-front holo-
graphic QCD model with a generic dilaton profile [324]. Using a formalism based on color magnetic interactions, in
Ref. [325], Zc(4200) is described as an axial vector tetraquark state.
More information is available from other works. A study of the cross sections of the process pp¯→ Z0c (4200)pi0 has
been done in Ref. [326] and it has been suggested that proton-antiproton annihilation is an ideal process to investigate
the neutral Zc(4200). Further, an estimate of the upper limit of the partial width Γ(Zc(4200) → J/ψpi) has been done
in Ref. [327] to be ∼ 37 MeV. Based on a tetraquark nature of Zc(4200) with JPC = 1+−, it is also argued in Ref. [328]
that the decay Zc(4200)→ hcpi should be suppressed.
Within QCD sum rules, using the current
Jµ(x) =
u¯iγ5λac(x)c¯(x)γµλad(x) + u¯γµλac(x)c¯(x)iγ5λad(x)√
2
, (219)
Zc(4200) is described as an octet-octet type axial vector molecule-like state [314]. The decay widths of Zc(4200) →
J/ψpi+, ηcρ+ D+D¯∗0, D¯0D∗+ were obtained in Ref. [329], respectively, as 87.3 ± 47.1 MeV, 334.4 ± 119.8 MeV and
6.6 ± 6.4 MeV, using the following current for Zc(4200)
Jν = uTa Cγ5cb
(
d¯aγνCc¯Tb + d¯bγνCc¯
T
a
)
− uTa Cγνcb
(
d¯aγ5Cc¯Tb + d¯bγ5Cc¯
T
a
)
. (220)
The obtained total width is consistent with the experimental value Γ = (370 ± 70+70−132) MeV [67].
Another study, based on QCD sum rules, has been done in Ref. [293], where a DD¯∗ current has been suggested for
Zc(4200). However, this suggestion is not consistent with the usual interpretations where the DD¯∗ current is associated
with the X(3872) state.
5.6. Z−c (4100)
The Z−c (4100) state is the newest acquisition to the list of charged exotic charmonium states. The evidence for the
existence of Zc(4100) was reported by the LHCb Collaboration [60] and is based on the study of the ηc(1S )pi− mass
spectrum, obtained from the decay process B0 → ηc(1S )K+pi−. The reported significance of this exotic resonance is
more than three standard deviations. Its mass and width are M = (4096 ± 20+18−22) MeV and Γ = (152 ± 58+60−35) MeV
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respectively, and the spin-parity assignments JP = 0+ and 1− are both consistent with data [60]. Since Z−c (4100) decays
into ηc(1S )pi− its G-parity is −. Therefore, the possible quantum numbers for its neutral partner are IG(JPC) = 1−(0++)
or 1−(1−+). While JPC = 0++ are quantum numbers that can be also associated with quark-antiquark states, JPC = 1−+
is not consistent with the constituent quark model for a quark-antiquark system and it is considered exotic. Up to now
only one state is known with such quantum numbers: pi1(1600) [22].
5.6.1. Theoretical explanations and QCDSR calculations for Z−c (4100)
In Ref. [60] it was suggested that this state could be the JP = 0+ tetraquark predicted by the diquark model in
[186]. However, the predicted masses for the 0++ tetraquark states were 3723 MeV and 3823 MeV, well below the
observed mass [186]. Up to now there are only a few theoretical calculations for Z−c (4100). In Ref. [330] the authors
used a simple chromomagnetic model to study the mass splitting among tetraquark states, including Z−c (4100). The
model is based on the description that the mass splitting among hadron states, with the same quark content, are mainly
due to the chromomagnetic interaction term in the one-gluon-exchange potential. Based on these findings the authors
concluded that Z−c (4100) seems to be a 0++ (cq)(c¯q¯) tetraquark state. In Ref. [331] it was argued that Z−c (4100) is
(dominantly) a hadrocharmonium with the ηc embedded in a ligh! t-quark e xcitation, with quantum numbers of
the pion, in the same way that Zc(4200) is a similar four-quark state containing J/ψ instead of ηc. In this approach
the natural quantum numbers for Z−c (4100) would be 0+. In Ref. [332] the Z−c (4100) can either be interpreted as a
P-wave resonance state arising from the D∗D¯∗ interaction, or be caused by final state interaction effects. In Ref. [333]
the author conjecture that the Z−c (4100) observed in the ηcpi− decay channel is the charge conjugate of the Z+c (4050)
observed in the χc1pi+ decay channel.
In Ref. [227] the author used a P-wave diquark-antidiquark JPC = 1−− interpolating field, in a QCDSR calculation,
to study the mass of possible JPC = 1−− tetraquark charmonium states. The obtained mass disfavors the assignment
of Z−c (4100) as a vector tetraquark state. Besides, as pointed out above, JPC = 1−− quantum numbers are not allowed
for Z−c (4100). A QCDSR calculation for a JPC = 1−+ four-quark state, using a molecular D∗D∗0 current, was done in
Ref. [97]. The obtained mass was mD∗D∗0 = (4.92±0.08) GeV [97]. In another QCDSR calculation, using a tetraquark
current with JPC = 1−+, the obtained mass was around 4.6 GeV [197]. In both cases the obtained masses are not
consistent with the Z−c (4100) observed mass. On the other hand a mass mX,0++ = (3.81 ± 0.19) GeV was obtained in a
QCDSR calculation for a scalar 0++ tetraquark state! [? ], in excellent agreement with the mass obtained using a spin
0 projection of a D¯∗D∗ interpolating current as shown in Fig. 22 and given in Eq. (216): MS =0 = (3.94 ± 0.10) MeV
[109], and with a 0++ D¯∗0D
∗
0 interpolating current in a N2LO QCDSR calculation: mX,0++ = (3.95 ± 0.22) GeV [115].
Therefore, the theoretical calculations seem to indicate that the 0++ quantum numbers are more compatible with the
observed mass.
5.7. Summary for the isovector Z states
The discovery of several manifestly exotic states, the Z+ states, may be considered as one of the most exciting
findings of the last years. The description of such states unavoidably requires (at least) four valence quarks in the
wave function. For the first of them, Z+(4430), there is now basically a consensus that it is the first radial excitation
of Z+c (3900). This interpretation favors a diquark-antidiquark tetraquark assignment for the Z
+
c (3900). Using a four-
quark current in the QCDSR approach, one can explain not only the mass, but also the decay width of Z+c (3900). The
ratio in Eq. (193) still remains to be explained. Regarding the state Z+c (4020), it is possible to explain its mass either
as a JPC = 1+− or a JPC = 2++ state, from a D∗D¯∗ current. More experimental information is needed to confirm the
existence of the states Z+1 (4050) and Z
+
2 (4250), as well as the new state just observed by LHCb, Z
−!(4100).
6. Controversial Y states
6.1. Y(3940) or X(3915) state
The Y(3940) was first observed by the Belle Collaboration in the decay B → KY(3940) → KωJ/ψ [47]. It was
later confirmed by BaBar in two channels B+ → K+ωJ/ψ and B0 → K0ωJ/ψ [32, 48]. The measured mass from
these two Collaborations are: (3943 ± 11) MeV from Belle and (3919.1+3.8−3.4 ± 2) MeV from BaBar, which gives an
average mass of (3929 ± 7) MeV and the total width (31+10−8 ± 5) MeV. This state has positive C and G parities and its
possible spin-parity is JP = 0+ or 2+. A similar state was observed also by Belle Collaboration [49] in γγ → ωJ/ψ
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process. The measured mass and decay width are M = (3915 ± 3 ± 2) MeV and Γ = (17 ± 10 ± 3) MeV, respectively
and the state was called X(3915). It also carries positive C and G parities. From the γγ fusion process, the possible
spin-parity for the X(3915) is also JP = 0+ or 2+. The BaBar Collaboration confirmed the existence of the X(3915)
decaying into ωJ/ψ in γγ → ωJ/ψ process, with the mass (3919.4± 2.2± 1.6) MeV and width (13± 6± 3) MeV [50].
Their analysis favored the JP = 0+ assignment.
Due to the recent smaller mass observed by the BaBar Collaboration for the Y(3940) [32], in PDG [22] both states
are considered as the same and are called X(3915). In this review we keep the original name Y(3940). The decay
Y → J/ψω is OZI suppressed for a charmonium state and hence the Y(3940) is a candidate to be an exotic, a hybrid,
a molecular or a tetraquark state.
6.2. Y(4140) state
The first observation of the Y(4140) structure was reported by the CDF Collaboration in the exclusive B+ →
J/ψφK+ decays, in 2009 [61]. A prominent peak was observed in the J/ψφmass spectrum with mass M = 4143.4+2.9−3.0 (stat)±
0.6 (syst), and decay width Γ = 15.310.4−6.1 (stat) ± 2.5 (syst). In 2010, however, the Belle Collaboration performed an
analysis of the data for events on the two-photon process and, as a result, no signal of the Y(4140) state was found [76].
Soon after, in 2011, the LHCb Collaboration corroborated Belle’s data, also reporting negative results in the search
for the Y structure [334]. Later on, the CMS Collaboration confirmed the observation of the Y(4140) and another
state, called Y(4274), in exclusive B+ → J/ψφK+ decays [335]. Recently, the LHCb Collaboration performed a full
amplitude analysis of B+ → J/ψφk+ decays [64, 336] and claimed that four structures were required to fit the data,
and the Y(4140) was one of them. However, according to the LHCb results, the Y(4140) is most likely a JPC = 1++
state and has a width Γ ≈ 83 ± 24±+21−14, which is significantly larger than the one reported by the former experiments.
Finally, the BESIII Collaboration searched for Y(4140) via e+ e− → γφJ/ψ at √s =4.23, 4.26, 4.36, and 4.60 GeV,
but no significant Y(4140) signal is observed in any of the data samples [65, 66].
In spite of these controversial experimental results, over the last decade there have been many experimental studies
of the J/ψφ mass spectrum, and we expect the Y(4140) to be confirmed in the future analysis.
6.3. Theoretical interpretations for the Y(3940) and Y(4140)
On the theoretical side, many efforts to understand the Y(3940) and Y(4140) nature have been made. The Y(4140)
is the first state to be observed decaying into two heavy mesons containing both cc¯ and ss¯ content. Since it is far above
the open charm threshold, it would be expected to decay into open charm states with a large decay width. However, this
feature is not observed by the experimental collaborations. In addition, since both J/ψ and φ mesons have JPC = 1−−
quantum numbers, the states observed in the J/ψφ mass spectra must have positive C-parity such that the exotic 1−+
quantum numbers are accessible. This set of quantum numbers is not allowed for any conventional charmonium
state. Thus, these features put the Y(4140) into the list of candidates that require exotic quark configurations to be
understood.
In Ref. [337] the exotic 1−+ quantum numbers were assigned to Y(4140) assuming it to be a hybrid charmonium
state, although it was argued that the D∗sD¯∗s molecular interpretation could also be applied to the Y state.
A conventional charmonium interpretation was adopted in Ref. [338], where the Y(4140) was assumed to be the
second radial excitation of the P-wave charmonium χ′′cJ(J = 0, 1). With this assumption, the hidden charm decay
mode of Y was estimated in terms of the rescattering mechanism and, as a result, the value obtained was much smaller
than the one reported by the CDF Collaboration in Ref. [61]. This result indicates that the conventional charmonium
picture cannot be ascribed to the Y structure.
A tetraquark model was used in Ref. [339]. However, this model provides a decay width around 100 MeV for
the Y with JPC = 0++. According to the experimental results, this interpretation cannot be supported since the decay
width measured for the Y(4140) is around 11-20 MeV. On the other hand, the JPC = 1++ quantum numbers seem to
be favored by the tetraquark model since the decay width estimated, in this case, provides a result smaller than the
one obtained assigning JPC = 0++ for Y .
Since the Y(3940) and Y(4140) masses are close to D∗D¯∗ and D∗sD¯∗s thresholds respectively, it seems natural to
adopt a molecular picture to understand their features. In fact, in Ref. [340] the authors have investigated these meson
molecules through a meson-exchange model and claimed that the Y(3940) must be the molecular, D∗D¯∗, partner of
the Y(4140), a D∗sD¯∗s molecule. This interpretation has been tested in several approaches, such as phenomenological
Lagrangians [341] and vector-meson dominance models [342].
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On the other hand, within the QCDSR approach such quark configuration can be described, and an estimate for
the Y(4140) mass can be done for a current with JPC = 0++. In addition, a tensorial 2++ state can also be studied with
QCDSR with the help of spin projectors, which will be discussed later. In the following subsection we start to discuss
the results obtained for Y(3940) and Y(4140) using the D∗D¯∗ and D∗sD¯∗s multiquark configurations with 0++ quantum
numbers, in the QCDSR approach.
6.4. QCDSR calculations for the Y(3940) and Y(4140)
Considering Y(4140) as a D∗sD¯∗s structure with IG(JPC) = 0+(0++), a suitable interpolating current describing such
state, considered in Ref. [95], is given by
jD∗s D¯∗s = (s¯aγµca)(c¯aγ
µsb) . (221)
The authors considered contributions from the condensates up to dimension eight on the OPE side. The QCDSR
analysis done showed a good Borel stability for M2 values in the interval 2.3 ≤ M2 ≤ 3.0 GeV2, with 4.4 ≤ √s0 ≤ 4.7.
GeV. The effects related to the violation of the factorization hypothesis were also included in the error estimates. The
result obtained for the mass was
mD∗s D¯∗s = (4.14 ± 0.09) GeV , (222)
in good agreement with the experimental mass of the narrow structure Y(4140).
A similar analysis based on the QCDSR technique was done in Ref. [343] in which the author also adopted a D∗sD¯∗s
molecular interpolating current with 0++. However, the result found in this latter work was different, around 290 MeV
higher than the one obtained in Eq. (222), and equal to
mD∗s D¯∗s = (4.43 ± 0.16) GeV . (223)
In order to get this result, in Ref. [343] the condensates up to dimension eight were also included in the OPE. But, in
this case, the convergence seems to be too slow in comparison to the one in Ref. [95]. In fact, the minimum for the
Borel mass in the former work is 2.6 GeV2 against 2.3 GeV2 in the latter one. In addition, the Borel window in the
work of Ref. [343] is smaller, implying a smaller M2 region of stability.
From the QCDSR calculations done in Ref. [95], it is possible to get a sum rule for a D∗D¯∗ structure, by sim-
ply replacing the strange/anti-strange quark fields by the corresponding up/anti-up and down/anti-down quark in the
interpolating current definition in Eq. (221). In this case, the interpolating current for D∗D¯∗ is
jD∗D¯∗ = (q¯aγµca)(c¯aγ
µqb) . (224)
It was expected that the structure described by this current could be used to explain the Y(3940) state as suggested
in Ref. [340]. The mass obtained in [95] for such a structure is consistent, considering the errors, with the result in
Eq. (216) and also consistent with the result in Eq. (222). The degeneracy between the QCDSR results for these two
currents in Eqs. (224) and (221) is not surprising. In fact, from the point of view of a standard mass sum rule, like the
one used here, the difference in studying the D∗D¯∗ or the D∗sD¯∗s system arises from the fact that the latter one involves
diagrams with strange quarks instead of the light ones. In the D∗D¯∗ case, the mass of the light quarks (u and d) is
taken to be negligible, thus, the corrections to the free propagator are related to condensates involving light quarks
and gluons, while in the D∗sD¯∗s case we have corrections associated with strange quark condensates, gluon condensates
and the mass of the s quark. Since, as can be seen from Table 2, the value for the light quark condensate is larger than
the one of the strange quark, this difference is compensated by the ms corrections for the case of the D∗sD¯∗s system.
In Ref. [253] a mass of 3.9 GeV was obtained from the application of the QCDSR approach to the D∗D¯∗ current.
In this case, the OPE was calculated up to dimension six, and the OPE convergence was found to be slower. It can be
shown that the OPE convergence could be improved if the contributions from the condensates up to dimension eight
would be included. Furthermore, the QCDSR analysis of Ref. [253] does not present any pole dominance, which
means that a reliable Borel window cannot be established, compromising the results for the mass.
Although in Ref. [340] it has been argued that the D∗sD¯∗s and D∗D¯∗ molecules could be assigned to the Y(4140)
and Y(3940), respectively, within QCDSR both currents provide similar masses. On the other hand, a molecular-
charmonium interpretation for the Y(3940) is also possible. Indeed, in Ref. [111], a mixed (χc0)−(D∗D¯∗) current, with
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JPC = 0++:
j = − cos θ 〈q¯q〉√
2
j
χc0
+ sin θ jD∗D∗ , (225)
was used to study the Y(3940) state. The current in Eq. (225) is similar to the ones used in Secs.3.3 and 4.1.2 to study
the states X(3872) and Y(4260) respectively, with θ being the mixing angle. The molecular D∗D¯∗ current is given in
Eq. (224) and the χc0 current is: jχc0 = c¯kck.
Fixing the mixing angle in the range θ = (76.0 ± 5.0)0, the mass obtained in [111] for the mixed state is:
MY = (3.95 ± 0.11) GeV , (226)
which is in agreement, within the errors, with the experimental mass for the Y(3940) state observed by the Belle
Collaboration: (3943 ± 11) MeV[47], and by BaBar: (3919.1+3.8−3.4 ± 2) [32].
Since it is possible to explain the mass of the Y(3940) with the mixed current, in Ref. [111] the decay width
Y(3940)→ J/ψ ω was also considered. The three-point function for the vertex Y J/ψ ω is defined as:
Πµν(p, p′, q) =
∫
d4x d4y eip
′·x eiq·y 〈0|T { jψµ (x) jων (y) j†(0)}|0〉, (227)
where the mixed (χc0)−(D∗D¯∗) current, given in Eq. (225), was considered, and
jψµ = (c¯aγµca), jων =
1
6
(
u¯aγνua + d¯aγνda
)
. (228)
The OPE side of the correlation function was evaluated at the leading order in αs, considering condensates up to
dimension 7, in the qµp′ν structure [111]. After extrapolating the form factor to the ω pole, following the procedure
discussed in Sec. 2.8 the coupling constant, using the same mixing angle θ = (76.0 ± 5.0)0, was obtained as, gYψω =
(0.58 ± 0.14) GeV−1,
The decay width for the process Y(3940)→ J/ψ ω is given by
ΓY(3940)→J/ψ ω =
g2
Yψω
3
p(MY ,Mω,Mψ)
8piM2Y
(
M2ψM
2
ω +
1
2
(M2Y − M2ψ − M2ω)2
)
, (229)
where
p(a, b, c) ≡
√
a4 + b4 + c4 − 2a2b2 − 2a2c2 − 2b2c2
2a
. (230)
Inserting the value obtained for the coupling constant in Eq.(229) one gets [111]:
ΓY(3940)→J/ψ ω = (1.7 ± 0.6) MeV. (231)
This result is consistent with the experimental width of the state and the lower limit for the process Y → J/ψ ω
[47, 48]. It is also of the same order as other available theoretical evaluations [341, 342].
As we have seen, many efforts have been done in order to understand the quark configuration of the Y(3940)
and Y(4140) structures as well as their JPC quantum numbers. From the theoretical side, many models such as the
conventional charmonium, hybrid, tetraquark, meson molecule and mixed states have been employed to investigate
these systems.
As mentioned before, the new LHCb analysis on the J/ψφ data brought surprises to the spectrum around 4.1 GeV
since other structures were seen in this channel. According to the LHCb results, in order to fit the data, the Y(4140) is
required to have a large decay width. This new value is close, within the error bars, to the one reported for the Y(4140)
state, measured by the Belle Collaboration [52] in the D∗D¯∗ mass spectra in the process e+e− → J/ψD∗D¯∗. The mass
and width obtained for this state are M = 4156 ± 29 MeV and Γ = 139+113−65 MeV, respectively [52]. Its quantum
numbers, such as, spin, isospin, and parity are not known yet. The decay of X(4160) to D∗D¯∗, in a D∗sD¯∗s molecular
model, could be understood in terms of triangular loop diagrams involving a strange meson. In this perspective, the
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X(4160) state could be a D∗sD¯∗s molecule-like structure. In fact, a dynamically generated state that could be assigned
to X(4160) was found in many coupled channel investigations [306, 342, 344]. If we compare its mass and width
with the corresponding ones known for Y(4140), and also have in mind that both are close to the D∗sD¯∗s threshold, a
question arises: are they the same state?
With the aim to shed light on this discussion, in Ref. [114], a more general QCDSR analysis was done, considering
a tensorial current that allows exploring spin contributions other than the 0++, considered by the QCDSR works
discussed above. We are going to discuss the details of this analysis in the next subsection.
6.5. The Y(4140) and X(4160) with a tensorial current
The simplest vector times vector type interpolating current coupling to the D∗+s D∗−s meson-meson system, used in
Ref. [114], is given by
jµν(x) =
(
c¯aγµsa
)(
s¯bγνcb
)
. (232)
As discussed in Sec. 5.3.2, since the current in Eq. (232) is tensorial, it provides contributions for spin 0, 1, and 2
particles. From calculations in the QCDSR approach for both, mass and decay width, the contributions from different
spins can be studied separately by projecting a particular spin using the projectors defined in Eqs. (212), which
separate the JP = 0+, 1+, 2+ contributions to the correlation function. If a state of isospin I, and spin S is formed
as a consequence of the interaction between a D¯∗s and a D∗s meson with angular momentum L, the parity P, charge
conjugation C, and G-parity, associated with a particular state can be determined through: P = (−1)L, C = (−1)L+S ,
and G = (−1)L+S +I . In the case considered here, since I = 0 and L = 0, the possible states must have positive parity
and C = G = (−1)S . This means that the states with quantum numbers IG(JPC) = 0+(0++), 0−(1+−), 0+(2++).
In Ref. [114] a QCDSR calculation, based on the current in Eq. (232), was done considering contributions from
the QCD condensates up to dimension eight, for each spin projection. As a result, three states were found with isospin
0, nearly degenerate, with masses around 4.1 GeV:
M0 = (4.114 ± 0.130) GeV , (233)
M1 = (4.120 ± 0.127) GeV , (234)
M2 = (4.117 ± 0.123) GeV . (235)
This result suggests the presence of a IG(JPC) = 0++, a 0−(1+−) and a 0+(2++) states with masses given by the values
in Eqs. (233), (234) and (235), respectively.
It is worth mentioning that the D¯∗D∗ system, described in Sec. 5.3.2, revealed the possibility of having spin 0, 1,
and 2 states with masses around 3950±100 MeV (see Eq. (216)) with isospin 0 and 1. Comparing the masses obtained
in the study of the D¯∗D∗ (isoscalar) current [109] with Eqs. (233), (234), (235), we clearly see that, within the errors,
the two results are compatible. Within the QCDSR technique the reason for this degeneracy can be understood recall-
ing that the additional ms contributions on the OPE side of the D∗sD¯∗s sum rule, for each spin case, are compensated
by the smaller value of the strange quark condensate as compared with the light quark condensate. Therefore, one
ends up with no significant difference in the sum rules results for both, D∗sD¯∗s and D∗D¯∗ currents. Furthermore, this
degeneracy can also be interpreted as a manifestation of heavy quark symmetry. In fact, although the strange quarks
are heavier than the light quarks when compared a D∗D¯∗ state with a D∗sD¯∗s state, there are two charm quarks in both
systems. Since the charm quarks are much heavier than both, strange and light quarks, their presence overshadows the
mass difference between light and strange quarks. This can be compared to the use of heavy quark symmetry in the
calculations based on effective field theories, where D∗D¯∗ and D∗sD¯∗s are considered as coupled channels. The results
obtained in these calculations [345] seem to be very similar to the ones discussed in this subsection.
Even arguing that this degeneracy can be understood as a manifestation of heavy quark symmetry or by the
QCDSR point of view, an intriguing question still remains: are the states found in Ref. [109] the same as the ones in
Ref. [114]? There are two possibilities. One is that the states found in the QCDSR studies can couple to both currents,
since they have the same quantum numbers. Therefore, they can be the same states and hence, we conclude that there
are only three states in the mass interval 3.8-4.2 GeV, with 0++, 1+− and 2++ quantum numbers. Another possibility
is that both QCDSR studies describe different states, due to their quark content and, in this case, we have six different
states in the mass region 3.8-4.2 GeV. In either case, just the mass analysis is not enough to discriminate between
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Figure 24: Solutions for the form factors for spin 0 (left panel) and spin 2 (right panel) cases for a fixed M2. The shaded region in the figures
represents the range of the values for the corresponding coupling constants due to the different choices for the parametrization of the form factor.
Taken from [114].
them. Since the D∗D¯∗ states cannot decay into J/ψφ because this channel is Okubo-Zweig-Iizuka (OZI) suppressed,
a QCDSR calculation of the decay width is useful to distinguish the states coupling to D∗D¯∗ and D∗sD¯∗s.
The decay width sum rule analysis was done in Ref. [114] for each spin projection of the D∗sD¯∗s current in Eq. (232).
The three-point function of the XJ/ψφ vertex, with X denoting each spin component of the D∗sD¯∗s current, is given by:
Πµναβ(p2) =
∫
d4x d4yei p
′·xei q·y〈0|T { jψµ (x) jφν (y) j†Xαβ (0)}|0〉 . (236)
Since a state with JPC = 1+− cannot decay into J/ψφ, only the scalar and tensorial components of the jαβ current
were considered. The interpolating currents used for ω and J/ψ are given in Eq. (228) and the φ meson current is:
j φν = s¯bγνsb.
The three-point function QCDSR was evaluated in Ref. [114] at leading order in αs, considering contributions
from condensates up to dimension five. The details of the calculations can be found in [114]. In Fig. 24 the solutions
for both 0++ and 2++ cases are shown, with the corresponding form factors used to extrapolate the QCDSR results to
the time-like region, as discussed in Sec. 2.8. The resulting coupling constants found for spin 0 and 2 cases denoted
by gS =0Xψφ and F
S =2
Xψφ, are [114]:
gS =0Xψφ(−m2φ) ≈ 1.115 ± 0.085 GeV−1 ,
FS =2Xψφ(−m2φ) ≈ 5.0 ± 0.6 GeV . (237)
The decay width is given by:
Γ =
1
8pi
p(m2X ,m
2
ψ,m
2
φ)
m2X
1
2S X + 1
∑
pol
|M|2 , (238)
where p(m2X ,m
2
ψ,m
2
φ) is the center of mass momentum, S X is the spin of X state. The matrix elements for the 0
++ and
2++ cases are given by ∑
pol
|M|2 =
(
gS =0Xψφ
)2[
m2ψm
2
φ +
1
2
(m2X − m2ψ − m2φ)2
]
, (239)
and
∑
pol
|M|2 =
(
FS =2Xψφ
)2
24m4Xm
2
ψm
2
φ
{
m8X + 6m
6
X(m
2
ψ + m
2
φ) − 14m4X(m4ψ + m4φ − 6m2ψm2φ)
+ 6m2X(m
2
φ − m2ψ)2(m2ψ + m2φ) + (m2φ − m2ψ)4
}
. (240)
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Taking into account the error associated with the mass found within QCD sum rules for the spin 0 and 2 states,
given by Eqs. (233) and (235), the obtained values of the decay width are [114]:
ΓS =0 ≈ (34 ± 14) MeV (241)
for the spin 0 state, and
ΓS =2 ≈ (20 ± 7) MeV , (242)
for the spin 2 state.
According to the above results, both 0++ and 2++ can be associated with the X(4160) state. In Ref. [306] the
authors have studied the D∗sD¯∗s system using effective field theories, and have concluded that the interaction between
D∗s and D¯∗s mesons generates a state with mass 4170 MeV and full width equal to 130 MeV, which is compatible with
the corresponding experimental values for the X(4160) state. From the couplings provided in Ref. [306], it is possible
to estimate the partial decay width of the 2++ state to be 20-30 MeV. Thus, the result for the decay width associated
with the 2++ state found in Ref. [114] within QCDSR, given in Eq. (242) is compatible with the one obtained in
Ref. [306].
The findings in Ref. [114] presented above suggest that the D∗sD¯∗s molecular current with 2++ is most likely the
charmonium-like state X(4160), and not the Y(4140) . It is worth pointing out that although the 1++ quantum numbers
for Y(4140) are favored by the LHCb analysis [64, 336], the set of 0++ and 2++ cannot be excluded since fits to the
data have a good statistical significance. This is what the results of Ref. [114] seem to indicate, i. e., that more than
one resonance may contribute around 4.1 GeV in the data of Ref. [64, 336]. Recently, this conclusion was reinforced
by the study conducted in Ref. [346]. So far no fit to the data of Ref. [64, 336] with more than one resonance around
4.1 GeV has been done. According to the reasoning made in Ref. [346] the peak seen by LHCb in the J/ψφ spectrum
can be fitted using more than one resonance in the 4.1 GeV region. More concretely, the authors claim that in the
LHCb data there is a lack of information related to the X(4160) contribution that, if included in the analysis, would
provide a narrow width for Y(4140).
6.6. Summary for the Controversial Y states
From the QCDSR studies presented in this section it is possible to explain not only the mass, but also the decay
width of the Y(3940) (or X(3915)) considered as a mixed (χc0)−(D∗D¯∗) state, with a mixing angle: θ = (76.0 ± 5.0)0.
Regarding the Y(4140), considering the observations and non-confirmations of its existence, from the experimental
point of view it is very important to make an effort to determine if the state Y(4140) really exists. Supposing it exists,
with a QCDSR calculation it is possible to explain its mass either as a D∗D¯∗ or a D∗sD¯∗s, with quantum numbers
JPC = 0++ or 2++. However, the analysis done for the decay width presented above suggest that the D∗sD¯∗s molecular
current with 2++ is more likely related with the charmonium-like state X(4160), than to the Y(4140) one.
7. Higher Order Perturbative Corrections in Sum Rules
In previous sections, all the works done with the QCDSR method take into account approximations at Leading
Order (LO) of perturbative QCD and include non-perturbative condensates in the OPE, to study the masses and
coupling constants of the XYZ-states. In the literature we have many successful examples of using this approach at
LO to explain the properties of such states. A natural improvement of such a method would be including, whenever
possible, up to Next-to-Leading Order (NLO) corrections in perturbative QCD and estimate their relevance for the
available LO sum rule calculations.
In this section, we explain how to include up to order α2s (N2LO) perturbative corrections in the chiral limit and,
adding to these, the SU(3) NLO corrections to the heavy-light exotic (molecules and tetraquarks) correlators. In
doing so, we assume the factorization of the four-quark operator into a convolution of two-quark operators, built from
bilinear quark currents. The contributions of the unknown order α3s (N3LO) correction are estimated from a geometric
growth of the perturbative series [347] and are added as a source of systematic uncertainties in the truncation of the
perturbative series. For a complete description on these NLO techniques in QCDSR, see [115, 116] and references
therein.
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7.1. NLO Sum Rules
The conventional use of QCDSR obviously suffers from the ill-defined heavy quark mass definition used at LO.
The favored numerical input values for the charm quark mass, mc(mc) ≈ (1.23 − 1.26) GeV, used in the current
literature correspond numerically to the one of the running masses. However, there is no reason to discard values
like mc ≈ 1.5 GeV of the on-shell (pole) quark masses, which are more natural because the spectral functions have
been evaluated using the on-shell heavy quark propagator. For this reason, the perturbative expression of the spectral
function obtained using on-shell renormalization must be transformed into the MS -scheme by using the relation
between the MS running mass, mc(µ), and the on-shell mass (pole), Mc, to order α2s [348–355]:
Mc = mc(µ)
[
1 +
4
3
as + (16.2163 − 1.0414nl)a2s + ln
(
µ
Mc
)2 (
as + (8.8472 − 0.3611nl)a2s
)
+ ln2
(
µ
Mc
)2
(1.7917 − 0.0833nl) a2s + ...
]
, (243)
for nl light flavors where µ is the arbitrary subtraction point and as ≡ αs/pi.
To extract the perturbative αns corrections to the correlator of a four-quark current, and due to the technical com-
plexity of the calculations, we shall assume that these radiative corrections are dominated by the ones from the
factorized diagrams shown in Figs. 25a,b, while we neglect the ones from non-factorized diagrams in Figs. 25c-f. This
fact has been proven explicitly in Refs. [356, 357], in the case of the B¯0B0 systems (very similar correlator as the ones
discussed in the following) , where the non-factorized αs corrections do not exceed 10% of the total αs contributions.
As can be seen in Refs. [115, 116], the effect of factorization in a sum rule calculation at LO is about 2.2% for the
decay constant, and 0.5% for the mass which is quite tiny. However, to avoid this (small) effect, we shall work in the
following with the full non-factorized perturbative ⊕ condensates of the LO expressions. For the NLO expressions,
we work with the spectral function as a convolution of the ones associated to quark bilinear current, as illustrated by
the Feynman diagrams in Fig. 25. In this way, we use the low-energy representation of the effective spectral function,
as suggested in Ref. [358], to obtain the expression:
1
pi
Im Π(1)(s) = θ(s − 4M2c )
( s
4pi
)2 (√s−Mc)2∫
M2c
ds1
1
pi
Im Π(1)(s1)
(
√
s−√s1)2∫
M2c
ds2
1
pi
Im Π(0)(s2) · λ3/2, (244)
for the J = 1 states, and
1
pi
Im Π(0)A (s) = θ(s − 4M2Q)
( s
4pi
)2 (√s−Mc)2∫
M2c
ds1
1
pi
Im Π(0)(s1)
(
√
s−√s1)2∫
M2c
ds2
1
pi
Im Π(0)(s2) · λ1/2
( s1
s
+
s2
s
−1
)2
, (245)
1
pi
Im Π(0)B (s) = θ(s − 4M2Q)
( s
4pi
)2 (√s−Mc)2∫
M2c
ds1
1
pi
Im Π(1)(s1)
(
√
s−√s1)2∫
M2c
ds2
1
pi
Im Π(1)(s2) · λ1/2
[( s1
s
+
s2
s
−1
)2
+
8s1s2
s2
]
,(246)
for the J = 0 states. We use the definition
λ ≡
1 −
(√
s1 − √s2
)2
s

1 −
(√
s1 +
√
s2
)2
s
 , (247)
which is the phase space factor. The invariant spectral function, Im Π(1)(s), is associated to the bilinear c¯γµq vector
or c¯γµγ5q axial-vector current, while Im Π(0)(s) is associated to the c¯q scalar or c¯γ5q pseudoscalar current. Notice
that, in the limit where the light quark mass mq → 0, the perturbative expressions of the vector (scalar) and axial-
vector (pseudoscalar) spectral functions are the same. These representations allow us to evaluate the perturbative αns-
corrections of the spectral functions of heavy-light bilinear currents, since we can use the expressions that are already
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Figure 25: (a) Factorized contributions to the four-quark correlator at NLO of perturbative contribution; (b) Non-factorized diagrams at NLO of perturbative contribu-
tion. Taken from [358].
known to order αs (NLO) from Ref. [359]. N2LO corrections are known in the chiral limit, mq = 0, from Ref. [360,
361]. We use the NLO SU(3) breaking perturbative corrections obtained in [362] from the two-point function formed
by bilinear currents. From the above representation, the anomalous dimensions of the molecular correlators come
from the (pseudo)scalar current. Therefore, the corresponding renormalization group invariant interpolating current
reads to NLO as:
O¯(0)mol(µ) = as(µ)4/β1O(0)mol , O¯(1)mol(µ) = as(µ)2/β1O(1)mol , (248)
where β1 = −(1/2)(11−2n f /3) is the first coefficient of the QCD β-function for n f flavors, and as ≡ (αs/pi). The spin-
0 currents built from two (axial)-vector currents have no anomalous dimension. We have introduced the super-index
(1) for denoting the vector and axial-vector spin-1 channels.
Another aspect of including higher order perturbative corrections is related with the 1/q2 corrections due to a
tachyonic gluon mass discussed in [363, 364]. However, such corrections will not be included here because they are
dual to the sum of the large order perturbative series [347]. Therefore, we shall consider the inclusion of the N3LO
terms, estimated from the geometric growth of the QCD perturbative series [347], as a source of the errors. The
estimate of these errors is given in Refs. [115, 116]. We are still using the ansatz of pole plus continuum, in Eq. (249),
for parametrizing the spectral function (generic notation):
1
pi
Im Π(s) ' f 2H M8H δ(s − M2H) + “QCD continuum” θ(s − s0), (249)
where fH is the hadronic decay constant defined as:
〈0| O(0) |H〉 = f (0)H M4H , 〈0| O(1)µ |H〉 = f (1)H M5H µ , (250)
respectively, for spin 0 and 1 hadronic states, with  µ being the vector polarization. The higher state contributions
are given by the “QCD continuum” coming from the discontinuity of the QCD diagrams and starting from a constant
threshold s0. Finite width corrections to this simple model have been studied in, e.g., [90, 365, 366] and have been
found to be negligible.
Noting that, due to Eq. (248), the bilinear (pseudo)scalar currents, in Table 9, acquires an anomalous dimension
due to its normalization, thus the decay constants run to order α2s as:
f (0)mol(µ) = fˆ
(0)
mol (−β1as)4/β1 /r2m , f (1)mol(µ) = fˆ (1)mol (−β1as)2/β1 /rm , (251)
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where the QCD corrections (rm) numerically read to N2LO as [121, 353]:
rm(n f = 4) = 1 + 1.014 as + 1.389 a2s . (252)
In Eq. (251) we have introduced the renormalization group invariant coupling fˆmol and the first coefficient of the
QCD β-function for n f flavors, as ≡ αs/pi. Notice that the coupling of the (pseudo)scalar molecule built from two
(axial)-vector currents has no anomalous dimension and does not run.
As usual in a QCDSR calculation, to obtain the hadronic masses we use the expression:
M2H '
∫ s0
4m2c
ds s e−s/M2 Im Π(s, µ)∫ s0
4m2c
ds e−s/M2 Im Π(s, µ)
, (253)
where µ is the subtraction point which appears in the approximate QCD series when radiative corrections are included.
Since our studies are concentrated on charmonium-like states, the lower limit integral in Eq. (253) is given by the
square of constituent quark masses of these hadrons.
In this section, we shall add to the previous well-known M2- and s0-stability criteria, discussed in Sec. 2.5, the
one associated with the requirement of stability versus the arbitrary subtraction constant µ. The µ-stability procedure
has been applied recently in Refs. [367–370]. It gives a much better meaning of the choice of µ-value at which the
observable is extracted. The errors in the determination of the results have been reduced due to a better control of the
µ region of variation.
7.2. QCD Input Parameters at NLO
The QCD parameters appearing in the following analysis will be the charm quark mass mc, the strange quark mass
ms (we shall neglect the light quark masses mu,d), the light quark condensates 〈q¯q〉 (q ≡ u, d, s), the gluon condensates
〈g2sG2〉 and 〈g3sG3〉, the mixed quark condensate 〈q¯Gq〉 and the four-quark condensate ραs〈q¯q〉2, where ρ ' 3 − 4
indicates the deviation from the four-quark vacuum saturation. Their values are given in Tables 2 and 8. We shall
work with the running light quark condensates which, in leading order in αs, is given by:
〈q¯q〉(Mτ) = −〈q¯q〉 (−β1 as(Mτ))2/β1 , 〈q¯Gq〉(Mτ) = −m20 〈q¯q〉 (−β1 as(Mτ))1/3β1 , (254)
and the running strange quark mass to NLO (for the number of flavours n f = 3):
ms(Mτ) = mˆs (−β1 as(Mτ))−2/β1 (1 + 0.8951 as(Mτ)) , (255)
where 〈q¯q〉 (given in Table 2) and mˆs are the spontaneous RGI light quark condensate and strange quark mass [371].
For the heavy quarks, we shall use the running mass and the corresponding value of αs evaluated at the scale µ, whose
value used here corresponds to the optimal one obtained in Ref. [115].
For the 〈αsG2〉 condensate, we have enlarged the original error by a factor about 3 in order to have a conservative
result for recovering the original SVZ estimate and the alternative extraction in Ref. [372, 373] from charmonium
sum rules. However, a direct naive comparison of this range of values obtained within short QCD series (few terms)
with the one from lattice calculations [374] obtained within a long QCD series [375] can be misleading. We shall see
later on that the effects of the gluon and four-quark condensates on the values of the decay constants and masses are
relatively small even though they play an important role in the stability analysis.
7.3. Heavy-Light Molecular States
For describing these molecular states, we consider the usual lowest dimension local interpolating currents where
each bilinear current has the quantum number and quark content of the open-charm mesons:
D(0−) , D∗0(0
+) , D∗(1−) , D1(1+) (256)
and their respective extension to the strange sector:
Ds(0−) , D∗s0(0
+) , D∗s(1
−) , Ds1(1+) . (257)
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Table 8: QCD input parameters used in sum rules at NLO.
Parameters Values Ref.
αs(Mτ) 0.325 ± 0.008 [146, 376, 377]
mˆs (0.114 ± 0.006) GeV [121, 146, 352, 368, 378–380]
mc(mc) (1261 ± 12) MeV average [22, 141, 372, 373, 381, 382]
〈αsG2〉 (7 ± 3) × 10−2 GeV4 [141, 145, 146, 150, 381–388]
〈g3sG3〉 (8.2 ± 2.0) GeV2 × 〈αsG2〉 [141, 381, 382]
ραs〈q¯q〉2 (5.8 ± 1.8) × 10−4 GeV6 [145, 146, 389, 390]
For simplicity, we do not consider colored and more general combinations of interpolating operators discussed e.g
in Ref. [106, 293], as well as the higher dimension ones involving derivatives. This choice justifies the approximate
use (up to order 1/Nc) of the factorization of the four-quark currents as a convolution of two bilinear quark-antiquark
currents when estimating higher order perturbative corrections. These states and the corresponding interpolating
currents, for the states studied in this review, are given in Table 9. A more general study can be found in Refs. [115,
116].
Next, we show the techniques and strategies for evaluating the mass and decay constants of the D¯D molecular
state. Essentially, the sum rule analysis for the other interpolating currents are very similar. Therefore, we only quote
the results for the remaining states. We start with the mass, MDD, obtained with the D¯D molecular current, at LO
approximation. We show in Fig.26 the results in terms of the Borel mass variable τ = 1/M2 at different values of
continuum threshold s0. Then we implement the higher order perturbative corrections to this sum rule and the results
are shown in Fig. 27a at N2LO.
We consider as an optimal choice the mean value of the coupling and mass obtained at the minimum or inflection
point for the common range of s0-values corresponding to the starting of the τ-stability and the one where s0-stability
is reached. In these stability regions, the requirement that the pole contribution is larger than the one of the continuum
is automatically satisfied (see e.g. [7]). Therefore, from the Fig. 27a at N2LO, we obtain the range for the continuum
threshold as s0 ' (27.5 ± 4.5) GeV2, for 1/M2 = (0.30 ± 0.05) GeV−2. Another interesting point discussed in
Refs. [115, 116] is about the running versus the pole quark mass definitions in QCDSR at LO. It was pointed out that
the effect of the definitions (running and pole) of the heavy quark mass should be added as errors in the LO analysis.
As we can see in Fig. 27b, using s0 = 32 GeV2, the convergence of the perturbative series is obtained for an
optimal choice: µ = (4.5 ± 0.5) GeV. We observe that from NLO to N2LO the mass of the state decreases by about
only 0.1 %, as another indication of the good convergence of the perturbative series. Using the fact that the final result
must be independent of the arbitrary parameter µ (plateau / inflection point for the coupling and minimum for the
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Figure 26: MDD at LO as function of 1/M2 for different values of s0, for µ = 4.5 GeV and for the QCD parameters in Table 8. Figure taken from [115].
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Table 9: Interpolating currents with a definite C-parity describing the D¯D- and D¯sDs-like molecular states for JPC = 0++, 1++ and 1−−. q ≡ u, d, s.
JPC States Molecule Currents ≡ Omol(x)
0++ D¯D , D¯sDs (q¯γ5c)(c¯γ5q)
D¯∗D∗ , D¯∗sD
∗
s (q¯γµc)(c¯γ
µq)
D¯∗0D
∗
0 , D¯
∗
s0D
∗
s0 (q¯c)(c¯q)
D¯1D1 , D¯s1Ds1 (q¯γµγ5c)(c¯γµγ5q)
1++ D¯∗D , D¯∗sDs i√2
[
(c¯γµq)(q¯γ5c) − (q¯γµc)(c¯γ5q)
]
D¯∗0D1 , D¯
∗
s0Ds1
1√
2
[
(q¯c)(c¯γµγ5q) + (c¯q)(q¯γµγ5c)
]
1−− D¯∗0D
∗ , D¯∗s0D
∗
s
1√
2
[
(q¯c)(c¯γµq) + (c¯q)(q¯γµc)
]
D¯D1 , D¯sDs1 i√2
[
(c¯γµγ5q)(q¯γ5c) − (q¯γµγ5c)(c¯γ5q)
]
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Figure 27: a) MDD at N2LO as function of τ = 1/M2 for different values of s0, for µ = 4.5 GeV and for the QCD parameters in Table 8; b) The same as a) but for a
given value of s0 = 32 GeV2, and for different truncation of the perturbative series. Figures taken from [115].
mass), we consider as an optimal result the one at µ ' 4.5 GeV, where we deduce the result at N2LO,
MDD = (3898 ± 36) MeV, and fDD = (170 ± 15), keV (258)
which is included in Table 10. Notice that the mass obtained for the D¯D molecular state is above the D¯D-threshold
(∼ 3729 MeV) and, for this reason, such a molecule would not be consistent with a bound state. Therefore, from a
QCDSR point of view, we can not use the D¯D molecular state to describe any new XYZ states observed so far.
We proceed with our investigation for other molecular currents in Table 9, where we apply the same analysis for
extracting the optimal values for the masses and couplings at N2LO approximation. Then we check if the molecular
currents could describe some of these XYZ states. The final results are summarized in Table 10.
7.4. Heavy-Light Tetraquark States
The tetraquark states were first introduced in Ref. [391] for interpreting the complex spectra of light scalar mesons.
Recent analysis based on 1/Nc expansion has shown that the tetraquark states should be narrow [392–394], which do
not then favor the tetraquark interpretation of the light scalar meson f0(500). In the following, we also study the
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Table 10: The masses and couplings of the D¯D- and D¯sDs-like Molecular states from QCDSR within stability criteria at N2LO of perturbative
series. The value of the continuum threshold, s0, is also included for completeness.
States
√
s0 Mass Coupling
JPC (GeV) (MeV) (keV)
0++
D¯D 4.7 ∼ 5.7 3898 ± 36 170 ± 15
D¯∗D∗ 4.7 ∼ 5.7 3903 ± 179 302 ± 47
D¯∗0D
∗
0 4.7 ∼ 5.7 3954 ± 224 114 ± 18
D¯1D1 4.7 ∼ 5.7 3784 ± 56 274 ± 37
1+±
D¯∗D 4.7 ∼ 5.7 3903 ± 62 161 ± 17
D¯∗0D1 6.5 ∼ 6.9 3854 ± 182 112 ± 17
1−−
D¯∗0D
∗ 6.5 ∼ 6.9 5748 ± 101 261 ± 17
D¯D1 6.5 ∼ 6.9 5544 ± 162 231 ± 21
States
√
s0 Mass Coupling
JPC (GeV) (MeV) (keV)
0++
D¯sDs 5.0 ∼ 6.9 4169 ± 48 167 ± 18
D¯∗sD
∗
s 5.0 ∼ 6.9 4196 ± 200 284 ± 34
D¯∗s0D
∗
s0 5.5 ∼ 7.0 4225 ± 132 102 ± 14
D¯s1Ds1 5.3 ∼ 6.9 4124 ± 61 229 ± 31
1+±
D¯∗sDs 5.0 ∼ 6.9 4188 ± 67 156 ± 17
D¯∗s0Ds1 5.5 ∼ 6.9 4275 ± 206 110 ± 18
1−−
D¯∗s0D
∗
s 6.0 ∼ 7.5 5571 ± 180 216 ± 11
D¯sDs1 6.2 ∼ 7.5 5272 ± 120 213 ± 13
Table 11: Interpolating currents with a definite P-parity describing the tetraquark states. q ≡ u, d, s.
JP States Tetraquark Currents ≡ O4q(x)
0+ S c , S cs abcdec
[(
qTa Cγ5 cb
)(
q¯d γ5C c¯Te
)
+ k
(
qTa C cb
)(
q¯d C c¯Te
)]
1+ Ac , Acs abcdec
[(
qTa Cγ5 cb
)(
q¯d γµC c¯Te
)
+ k
(
qTa C cb
)(
q¯d γµγ5C c¯Te
)]
1− Vc , Vcs abcdec
[(
qTa Cγ5 cb
)(
q¯d γµγ5C c¯Te
)
+ k
(
qTa C cb
)(
q¯d γµC c¯Te
)]
tetraquark currents to investigate possible hadronic structures to describe the XYZ states in the charmonia spectra.
The tetraquark states
[
cqc¯q¯
]
will be described by the interpolating currents given in Table 11. A more general study
can be found in Refs. ??. We use the following naming scheme for the scalar, pseudoscalar, axial-vector and vector
states for the tetraquark currents:
S c (0+) , Ac (1−) , Vc (1+) (259)
and their respective extension to the strange sector:
S cs (0+) , Acs (1+) , Vcs (1−) . (260)
The analysis of the masses and couplings of tetraquark states is very similar to the one of the molecules and present
analogous features: presence of minima or/and inflection points, good convergence of the perturbative series and the
OPE. The results for the tetraquark states are summarized in Table 12 and for a complete discussion see Refs. [115,
116].
Just to show an example of the results on the use of the sum rules for the tetraquarks, we state the mass and
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coupling of the scalar S c (0+) tetraquark state. At N2LO, the corresponding set of parameters are:
τ ' (0.35 ± 0.05) GeV−2, s0 ' (27.5 ± 4.5) GeV2 and µ ' 4.5 GeV, (261)
and taking into account the uncertainties, as indicated in Table 8, we get:
MS c = 3898 ± 54 MeV and fS c = 191 ± 20 keV . (262)
This value for the mass is compatible with the Y(3940) mass and we could naively describe it as a non-strange scalar
tetraquark state. It is important to notice that this mass value, calculated at N2LO approximation, has almost the same
magnitude as the one calculated at LO, and the difference is in order of ∼ 0.1%. This weak impact on the results from
LO to N2LO is verified for the other tetraquark states too (see Refs. [115, 116]).
Table 12: The masses and couplings of the [c¯q¯cq] and [c¯s¯cs] tetraquark states from QCDSR within stability criteria at N2LO of perturbative series.
States
√
s0 Mass Coupling
(JP) (Gev) (MeV) (MeV)
S c (0+) 4.7 ∼ 5.7 3898 ± 54 191 ± 20
Ac (1+) 4.7 ∼ 5.7 3888 ± 130 184 ± 30
Pc (0−) 6.0 ∼ 6.4 5750 ± 127 310 ± 13
Vc (1−) 6.0 ∼ 6.4 5793 ± 122 296 ± 19
States
√
s0 Mass Coupling
(JP) (Gev) (MeV) (MeV)
S cs (0+) 5.2 ∼ 6.7 4233 ± 61 187 ± 19
Acs (1+) 5.3 ∼ 6.7 4209 ± 112 160 ± 17
Pcs (0−) 6.2 ∼ 7.5 5524 ± 176 267 ± 30
Vcs (1−) 6.2 ∼ 7.5 5539 ± 234 258 ± 33
7.5. Summary for the higher order corrections in QCDSR
The N2LO predictions for the masses differ only slightly from the LO ones when the value of the running mass is
used for the latter. However, the magnitude of the meson couplings is strongly affected by the radiative corrections in
some channels, which consequently may modify the existing estimates of the meson hadronic widths based on vertex
functions. The 0++ D¯D-like molecular states are almost degenerated with the 1+± states. They have masses around
3900 MeV, which is consistent, within the errors, with the mass of the Y(3940) state. It is also consistent with the
scalar S c (0+) tetraquark state.
As mentioned in the introduction, there are several 1++ observed states. In addition to the well-established
X(3872), we have X(4140) and X(4274). From the results presented here it is possible to describe the mass of the
X(3872) as a D¯∗D molecule or a Ac tetraquark state, which is consistent with the results presented in Sec. 3. For
the remaining 1++ states, X(4140) and X(4274), one could interpret them as a D¯∗sDs molecule and a Acs tetraquark
state, respectively. From a QCDSR calculation at N2LO, and considering the relevant uncertainties, there are some
molecule and/or tetraquark states which could be consistent with some of the observed charged states. The D¯∗D (1+−)
and D¯∗0D1 (1
+−) molecules would be good candidates to explain the Z+c (3900). In particular, the D¯∗0D1 (1
+−) molecule
could also be compatible with the Z+c (4020). The Z
+
c (4200) state might be identified as a charmed-strange axial Acs
tetraquark state and the D¯∗0D
∗
0 (0
++) molecule could be naively associated with the recently observed charged state
Z−c (4100).
8. Summary
In this review we have discussed the exotic charmonium states, observed by BaBar, Belle, CDF, DØ, LHCb and
BESIII Collaborations, from the perspective of QCD sum rules. We have computed the masses of several X, Y and Z
states and, as it was seen case by case, the method of QCDSR, in spite of its limitations, contributes a great deal to the
understanding of the structure of these new states. In some cases a tetraquark current gives a better agreement with
the observed mass and in some other cases the agreement is better with a molecular current. However, as a general
result, the two kinds of currents, molecular or tetraquark, lead to almost the same result for the mass of the state.
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Besides, since the used currents are local, a molecular current does not represent a true molecule. It is just the color
combination between the quarks that is similar to a molecular state. For the non-charged states, QCDSR results favor
a mixing between two and four-quark currents.
The limitations in statements made with QCDSR estimates come mostly from uncertainties in the method. How-
ever these statements can be made progressively more precise as we know more experimental information about the
state in question. One good example is the X(3872), from which, besides the mass, several decay modes were mea-
sured. Combining all the available information and using QCDSR to calculate the observed decay widths, we were
able to say that the X(3872) is a mixed state, where the most important component is a cc¯ pair, which is mixed with a
small four-quark component, out of which a large fraction is composed by neutral combinations of D-like and D∗-like
two-quark states with only a tiny fraction of charged D-like and D∗-like states. This conclusion is very specific and
precise and it is more elaborated than the other results presented addressing only the masses of the new charmonia.
This improvement was a consequence of studying simultaneo! usly the mass and the decay width. This type of
combined calculation should be extended to all states.
One of the drawbacks of previous QCDSR calculations was the absence of αs corrections. In a series of recent
works it was shown that these corrections are tiny. Another problem is the use of the factorization hypothesis, accord-
ing to which 〈q¯qq¯q〉 = ρ 〈q¯q〉2, where ρ ' 1. Also here, there has been some progress on the theoretical side showing
the violation of this hypothesis, its origin and the best value of ρ.
The next generation of experimental data from e+e− colliders will increase a lot the statistics and will yield in-
variant mass spectra with high precision. Consequently, what was previously seen as a single bump, a single state,
will reveal itself as a series of different peaks at different masses. The beginning of this “unfolding” has already been
observed in the case of the Y(4360) and more recently in the case of the Y(4260). For QCDSR this is challenging
and asks for improvement of the pole-continuum model of the spectral function. Efforts along this direction should
become a priority in the work of our community.
New data on hadronic production of exotic charmonium are also expected to appear at the LHC. In central col-
lisions exotic charmonium production is essentially a high energy process, calculable either with perturbative QCD
[395, 396] or with effective theories [397]. On the other hand in ultraperipheral collisions these states are produced by
photon-photon fusion [398, 399] and the cross section is proportional to the 2-photon decay width of the states. Here
again QCDSR is relevant since this decay receives large non-perturbative contributions. The decay width of some
states has been calculated but there is room for improvement and also other states to be considered.
The above mentioned uncertainties put some limits on the predictive power of QCDSR. In QCDSR, as in quark
model calculations [400], one may find more states than those really observed. On the other hand, exactly because of
this feature, QCDSR calculations have “veto power”, i.e.: If it is not true in QCDSR it is not true in QCD. This veto
power has been already used to say that the existence of tetraquarks made only of light quarks is disfavored [246].
We close this review with some conclusions from the results presented in the previous sections. They are contained
in Table 13 where we present a summary of the most plausible interpretations for some of the states presented in
Table 1. It is important to remember that a molecular or tetraquark structure assignment in Table 13 is just the
indication of the current used in the calculations, and that they are equivalent, from a QCDSR perspective.
Table 13 represents the final result of a comprehensive effort and a careful analysis of several theoretical possibil-
ities in the light of existing data. It is an encouraging example of what QCDSR can do. This Table contains a short
summary of what we have learned about the new charmonium states in the recent past. In particular, similar to the
X(3872) state, mixed charmonium-tetraquark currents give a better description for all neutral exotic states, like the
Y(3940) (or X(3915)), Y(4140) and the Y(4260).
The discovery of several manifestly exotic states, the Z+ states, may be considered as one of the most exciting
findings of the last years. The description of such states unavoidably requires (at least) four valence quarks in the
wave function.
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Table 13: Structure and quantum numbers from QCDSR studies. In the case of isovector states, the quoted charge conjugation, C, is for the neutral
state in the multiplet.
state structure JPC
X(3872) mixed χc1 − DD¯∗ 1++
Zc(3900) DD¯∗ 1+−
Y(3940) mixed χc0 − D∗D¯∗ 0++
Zc(4020) D∗D¯∗ 1+− or 2++
Zc(4100) D∗0D¯
∗
0 0
++
Y(4140) mixed D∗D¯∗ − D∗sD¯∗s 0++
X(4160) D∗sD¯∗s 2++
Zc(4200) [cs][c¯s¯] 1+
Z2(4250) DD¯1 1−
Y(4260) mixed J/ψ − [cq][c¯q¯] 1−−
Y(4360) [cq][c¯q¯] 1−−
Y(4660) [cs][c¯s¯] 1−−
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